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Abstract. Wc construct an abstract pscudodifTcrcntial calculus with operator- 
valued symbol, suitable for the treatment of Coulomb-type interactions, and 
we apply it to the study of the quantum evolution of molecules in the Born- 
Oppenheimer approximation, in the case of the electronic Hamiltonian admit- 
ting a local gap in its spectrum. In particular, we show that the molecular 
evolution can be reduced to the one of a system of smooth semiclassical oper- 
ators, the symbol of which can be computed explicitely. In addition, we study 
the propagation of certain wave packets up to long time values of Ehrenfcst 
order. (This work has been accepted for publication as part of the Memoirs of 
the American Mathematical Society and will be published in a future volume.) 
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CHAPTER 1 



Introduction 



In quantum physics, the evolution of a molecule is described by the initial- value 
Schrodinger system, 

(1.1) ^^^,^^H^■, 

[ <^|t=o = V^o, 

where ipo is the initial state of the molecule and H stands for the molecular Hamil- 
tonian involving all the interactions between the particles constituting the molecule 
(electron and nuclei). In case the molecule is imbedded in an electromagnetic field, 
the corresponding potentials enter the expression of H, too. Typically, the interac- 
tion between two particles of positions z and z', respectively, is of Coulomb type, 
that is, of the form a\z — z'\^^ with a ^ IR constant. 

In the case of a free molecule, a first approach for studying the system (jl.ip 
consists in considering bounded initial states only, that is, initial states that are 
eigenf unctions of the Hamiltonian after removal of the center of mass motion. More 
precisely, one can split the Hamiltonian into, 

H = HcM + -ffRcl, 

where the two operators Hcm (corresponding to the kinetic energy of the center 
of mass) and Hnei (corresponding to the relative motion of electrons and nuclei) 
commute. As a consequence, the quantum evolution factorizes into, 

where the (free) evolution e^"^*^^" of the center of mass can be explicitly computed 
(mainly because i?cM has constant coefficients), while the relative motion e^"^*^^"^ 
still contains all the interactions (and thus, all the difficulties of the problem). 
Then, taking ip^ of the form, 

(1.2) = ao (g) V'i 

where ao depends on the position of the center of mass only, and ■0j is an eigen- 
function of iJRoi with eigenvalue Ej , the solution of (II. ip is clearly given by, 

(^(i) = e-**^^■(e-'*^c"ao)'gV'J• 
Therefore, in this case, the only real problem is to know sufficiently well the eigenele- 
ments of HueU in order to be able to produce initial states of the form (II. 2p . 

In 1927, M. Born and R. Oppenheimer [BoOp| proposed a formal method 
for constructing such an approximation of eigenvalues and eigenfunctions of Hnei ■ 
This method was based on the fact that, since the nuclei are much heavier than the 
electrons, their motion is slower and allows the electrons to adapt almost instanta- 
neously to it. As a consequence, the motion of the electrons is not really perceived 
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by the nuclei, except as a surrounding electric field created by their total potential 
energy (that becomes a function of the positions of the nuclei). In that way, the 
evolution of the molecule reduces to that of the nuclei imbedded in an effective 
electric potential created by the electrons. Such a reduction (that is equivalent 
to a decomposition of the problem into two different position-scales) permits, in a 
second step, to use semiclassical tools in order to find the eigenelements of the final 
effective Hamiltonian. 

At this point, it is important to observe that this method was formal only, in 
the sense that it allowed to produce formal series of functions that were (formally) 
solutions of the eigenvalue problem for Hj^ei, but without any estimates on the 
remainder terms, and no information about the possible closeness of these func- 
tions to true eigenfunctions, nor to the possible exhaustivity of such approximated 
eigenvalues. 

Many years later, a first attempt to justify rigorously (from the mathematical 
point of view) the Born-Oppenheimer approximation (in short: BOA) was made 
by J.-M. Combes, P. Duclos and R. Seller [CDS] for the diat omic molecules, with 
an accuracy of order h^, where h :— y^m/M is the square-root of the ratio of the 
electron masses to nuclear masses. After that, full asymptotics in h were obtained 
by G. Hagedorn [Ha2l lHa3] . both in the case of diatomic molecules with Coulomb 
interactions, and in the case of smooth interactions. In these two cases, these re- 
sults gave a positive answer to the first question concerning the justification of the 
BOA, namely, the existence of satisfactory estimates on the remainder terms of 
the series. Later, by using completely different methods (mostly inspired by the 
microlocal treatment of semiclassical spectral problems, developed by B. Helffer 
and J. Sjostrand in [HeSjll] ), and in the case of smooth interactions, the first 
author [Malj extended this positive answer to the two remaining questions, that 
is, the exhaustivity and the closeness of the formal eigenfunctions to the true ones. 
Although such a method (based on microlocal analysis) seemed to require a lot of 
smoothness, it appeared that it could be adapted to the case of Coulomb inter- 
actions, too, giving rise to a first complete rigorous justification of the BOA in a 
work by M. Klein, A. Martinez, R. Seller and X.P. Wang [KMSWj . The main 
trick, that made possible such an adaptation, consists in a change of variables in 
the positions of the electrons, that depends in a convenient way of the position (say, 
x) of the nuclei. This permits to make the singularities of the interactions electron- 
nucleus independent of x, and thus, in some sense, to regularize these interactions 
with respect to x. Afterwards, the standard microlocal tools (in particular, the 
pseudodifferential calculus with operator- valued symbols, introduced in Ba]) can 
be applied and give the conclusion. 

Of course, all these justifications concerned the eigenvalue problem for H^eii 
not the general problem of evolution described in (jl.ip . In the general case, one 
could think about expanding any arbitrary initial state according to the eigenfunc- 
tions of Hnei, and then apply the previous constructions to each term. However, 
this would lead to remainder terms quite difficult to estimate with respect to the 
small parameter h, mainly because one would have to mix two types of approxi- 
mations that have nothing to do with each other: The semiclassical one, and the 
eigenfunctions expansion one. In other words, this would correspond to handle 
both functional and microlocal analysis, trying to optimize both of them at the 
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same time. It is folks that such a method is somehow contradictory, and does not 
produce good enough estimates. For this reason, several authors have looked for 
an alternative way of studying (jl.ip . by trying to adapt Born-Oppenheimer's ideas 
directly to the problem of evolution. 

The first results in this direction are due to G. Hagedorn IHa4l IHa5l IHa6| . 
and provide complete asymptotic expansions of the solution of p.ip . in the case 
of smooth interactions and when the initial state is a convenient perturbation of a 
single electronic-level state. More precisely, splitting the Hamiltonian into, 

H = K^{hD.,)+H,,ix), 

where Kn{hDx) stands for the quantum kinetic energy of the nuclei, and Hci{x) is 
the so-called electronic Hamiltonian (that may be viewed as acting on the position 
variables y of the electrons, and depending on the position x of the nuclei), one 
assumes that Hci{x) admits an isolated eigenvalue A(x) (say, for x in some open set 
of ]R ) with corresponding eigenfunction "0(2;, y), and one takes (po of the form, 

'Poix, y) = .f(x)ip{x, y) + ^ h''ipo,k{x, y) = f{x)ip{x, y) + 0{h), 

k>l 

where f{x) is a coherent state in the x-variables. Then, it is shown that, if the 
tpo.fc's are conveniently chosen, the solution of (jl.ip (with a rescaled time 1 1—^ t/h) 
admits an asymptotic expansion of the type, 

•Pt{x, y) - ft{x)tp(x, y) + ^ h''(pt.k{x, y), 

k>l 

where all the terms can be explicitly computed by means of the classical flow of the 
effective Hamiltonian Hcs{x,£,) := Kn{£,) + X{x). 

Such a result is very encouraging, since it provides a case in which the relevant 
information on the initial state is not anymore connected with the point spectrum of 
iJreij but rather with the localization in energy of the electrons and the localization 
in phase space of the nuclei. This certainly fits much better with the semiclassical 
intuition of this problem, in accordance with the fact that the classical flow of 
-ffeff(a;,0 is involved. 

Nevertheless, from a conceptual point of view, something is missing in the pre- 
vious result. Namely, one would like to have an even closer relation between the 
complete quantum evolution g-^^^/h some reduced quantum evolution of the 
type Q-^*H^{{{x,hD^)/h ^ some HcS close to -ffcff- In that way, one would be able 
to use all the well developed semiclassical (microfocal) machinery on the opera- 
tor Hef[{x, hDx), in order to deduce many results on its quantum evolution group 
^-itH^ii{x,hD^)/h (e.g., a representation of it as a Fourier integral operator). In the 
previous result, the presence of a coherent state in the expression of tpo has allowed 
the author to, somehow, by-pass this step, and to relate directly the complete 
quantum evolution to its semiclassical approximation (that is, to objects involving 
the underlying classical evolution). However, a preliminary link between g-'^^H/h 
and some g-^tH^!!(xMD^)/h .^^Q^y have the advantage of allowing more general ini- 
tial states, and, by the use of more sophisticated results of semiclassical analysis, 
should permit to have a better understanding of the phenomena related to this 
approximation. Moreover, as we will see, this preliminary link is usually valid for 
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very large time intervals of the form [—h ^] with > 1 arbitrary, while 

it is well known that the second step (that is, the semiclassical approximation of 
^-ttH^!c{x,hD^)/h^ T^g^^ ^gg^ cases, thc Ehrenfest-timc limitation |<| = ©(In ^) (see 
(I23D and Theorem [113] below). 

The first results concerning a reduced quantum evolution have been obtained 
recently (and independently) by H. Spohn and S. Teufel in |SpTe| , and by the 
present authors in [MaSoj . In both cases, it is assumed that, at time t = 0, the 
energy of the electrons is localized in some isolated part of the electronic Hamil- 
tonian Hci{x). In |SpTe| , the authors find an approximation of e^'*^/'* in terms of 
^-itH^{{(x,hD^)/h ^ prove an error estimate in Oih) (actually, it seems that such a 
result was already present in a much older, but unpublished, work by A. Raphaelian 
[Raj ). In [MaSoj (following a procedure of [NeSo|, ISo] . and later reproduced with 
further apphcations in [PSTlPlte] ). a whole perturbation H^a ~ ^^off + X]fe>i ^''Hk 
of -ffoff is constructed, allowing an error estimate in 0{h°°) for the quantum evolu- 
tion. 

However, these two papers have the defect of assuming all the interactions 
smooth, and thus of excluding the physically interesting case of Coulomb interac- 
tions. Here, our goal is precisely to allow this case. More precisely, we plan to mix 
the arguments of [MaSo] and those of [KMSW] in order to include Coulom-type 
(or, more generally, Laplace-compact) singularities of the potentials. 

In [KMSW] , the key-point consists in a refinement of the Hunziker distorsion 
method, that leads to a family of a;-dependent unitary operators (where, for each 
operator, the nuclei-position variable x has to stay in some small open set) such that, 
once conjugated with these operators, the electronic Hamiltonian becomes smooth 
with respect to x. Then, by using local pseudodifferential calculus with operator- 
valued symbols, and various tricky patching techniques, a constructive Feshbach 
method (through a Grushin problem) is performed and leads to the required result. 

When reading KMSW], however, one has the impression that all the technical 
difficulties and tricky arguments actually hide a somewhat simpler concept, that 
should be related to some global pseudodifferential calculus adapted to the singular- 
ities of the interactions. In other words, it seems that interactions such as Coulomb 
electron-nucleus ones are, indeed, smooth with respect to x for some 'exotic' differ- 
ential structure on the x-space, and that such a differential structure could be used 
to construct a complete pseudodifferential calculus (with operator- valued symbols). 
Such considerations (that are absent in |KMSW]) have naturally led us to the no- 
tion of twisted pseudodifferential operator thai we describe in Capters[4]and[5| This 
new tool permits in particular to handle a certain type of partial differential oper- 
ators with singular operator-valued coefficients, mainly as if their coefficients were 
smooth. To our opinion, the advantages are at least two. First of all, it simplifies 
considerably (making them clearer and closer to the smooth case) the arguments 
leading to the reduction of the quantum evolution of a molecule. Secondly, thanks 
to its abstract setting, we believe that it can be applied in other situations where 
singularities appear. 

Roughly speaking, we say that an operator P on L?' [IBJ^^Ti) {Ti — abstract 
Hilbcrt space) is a twisted /i-admissible pseudodifferential operator, if each operator 
UjPUJ (where, for any j, Uj — Uj{x) is a given unitary operator defined for x 
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in some open set ftj C J?") is /i-admissible (e.g., in the sense of |Ba| IGMSj ). 
Then, under few general conditions on the finite family {Uj,Qj)j, we show that 
these operators enjoy all the nice properties of composition, inversion, functional 
calculus and symbolic calculus, similar to those present in the smooth case. Thanks 
to this, the general strategy of [MaSo] can essentially be reproduced, and leads to 
the required reduction of the quantum evolution. More precisely, we prove that, if 
the initial state (po is conveniently localized in space, in energy, and on a L-levels 
isolated part of the electronic spectrum {L > 1), then, during a certain interval of 
time (that can be estimated), its quantum evolution can be described by that of a 
selfadjoint L x L matrix A — A{x, hD^) of smooth semiclassical pseudodifferential 
operators in the nuclei- variables, in the sense that one has, 

where W is a bounded operator onto ^^(iR")®^, such that WW* = 1 and W*W is 
an orthogonal projection (that projects onto a so-called almost- invariant subspace). 
We refer to Theorem 12.11 for a precise statement, and to Theorem 17.11 for an even 
better result in the case where the spectral gap of the electronic Hamiltonian is 
global. In the particular case L = 1, this also permits to give a geometrical descrip- 
tion (involving the underlying classical Hamilton flow of ^4) of the time interval in 
which such a reduction is possible. Then, to make the paper more complete, we 
consider the case of coherent initial states (in the same spirit as in [Ha5l IHa6] l 
and, applying a semiclassical result of M. Combescure and D. Robert [CoRo] . we 
justify the expansions given in |Ha6] up to times of order In (at least when the 
geometry makes it possible). 

Outline of the paper: 

In Chapter [21 we introduce our notations and assumptions, and we state our 
main results concerning the reduction of the quantum evolution in the case where 
the electronic Hamiltonian admits a local gap in its spectrum. In Chapter [3l we 
modify the electronic operator away from the relevant region in x, in order to deal 
with a globally nicer operator, admitting a global gap in its spectrum. Chapters 
4 and 5 are devoted to the settlement of an abstract singular pseudodifferential 
calculus (bounded in Chapter |H and partial differential in Chapter [5]) . In Chap- 
ter [SI following |MaSoj . we construct a quasi- invariant subspace that permits, in 
Chapter [3 to have a global reduction of the evolution associated with the modified 
operator constructed in Chapter [3] In Chapters [5] and [51 we complete the proofs 
of our main results, and, in Chapter 1101 we give a simple way of computing the 
effective Hamiltonian. Then, in Chapter [TTl we apply these results to study the 
evolution of wave packets. Chapter [T^ treats, more specifically, the case of poly- 
atomic molecules, by showing how it can be inserted in our general framework. The 
remaining three chapters are just appendices: Chapter [K\ reviews standard results 
on pseudodifferential calculus; Chapter [B] gives an estimate on the propagation- 
speed of the support (up to 0{h°°)) of the solutions of (|l.ip : Chapter [Cl contains 
two technical results used in the paper. 



CHAPTER 2 



Assumptions and Main Results 

The purpose of this paper is to investigate the asymptotic behavior as ft. 0+ 
of the solutions of the time-dependent Schrodinger equation, 

(2.1) ^h^^P(h)ip 
with 

(2.2) P{h)=uj + Q{x) + W{x), 

where Q{x) (x e 5?") is a family of selfadjoint operators on some fix Hilbert 
space Tl with same dense domain Vq, uj = X]|a|<m Ca(a;; h){hDx)°' is a symmetric 
semiclassical differential operator of order and degree m, with scalar coefficients 
depending smoothly on x, and W{x) is a non negative function defined almost 
everywhere on _ZR". 

Typically, in the case of a molecular system, x stands for the position of the nu- 
clei, Q{x) represents the electronic Hamiltonian that includes the electron-electron 
and nuclei-electron interactions (all of them of Coulomb- type) , <jJ is the quantized 
cinetic energy of the nuclei, and W{x) represents the nuclei-nuclei interactions. 
Moreover, the parameter h is supposed to be small and, in the case of a molecular 
system, actually represents the quotient of electronic and nuclear masses. In 
more general systems, one can also include a magnetic potential and an exterior 
electric potential both in uj and Q{x). We refer to Chapter [12] for more details 
about this case. 

We make the following assumptions: 

(HI) For all a, /3 € ^" with |a| < m, 5^c„(a:, h) = 0{1) uniformly for x € J?" and 
h > small enough. Moreover, setting uj{x,£,;h) := J2\a\<m ft)^", we assume 
that there exists a constant Co > 1 such that, for all {x,$,) G M^" and h> small 
enough, 

Reu;{x,th)>^{0"'^Co. 

In particular. Assumption (HI) implies that m is even and a; is well defined as a 
selfadjoint operator on L^{1R^) (and, by extension, on L'^{1R"';H)) with domain 
H™{]R^). Moreover, by the Sharp Carding Inequality (see, e.g., |Ma2| ). it is uni- 
formly semi-bounded from below. 

{H2) T4^ > is (i:)a;)™-compact on L'^{IR"-), and there exists ^ e M such that, 
for aU X e BJ", Q{x) > 7 on 

7 
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Assumptions (HI) — {H2) guarantee that, for h sufficiently small, P(h) can be 
realized as a selfadjoint operator on L2(JR"; H) with domain X'(F) C H) n 

L^{IR"';'Dq), and verifies P{h) > 70, with 70 G iR independent of /i. 

(Of course, in the case of a molecular system, P{h) is essentially selfadjoint, 
and the domain of its selfadjoint extension is H^{]R^ x Y), where Y stands for the 
space of electron positions.) 

For L > 1 and L' > 0, we denote by Ai(x) < • • • < XL+L'ix) the first L + L' 
values given by the Min-Max principle for Q{x) on Ti., and we make the following 
local gap assumption on the spectrum a{Q{x)) of Q{x): 

{H3) There exists a contractible bounded open set fl C iR" and L > 1 such 
that, for all x e f2, Ai(a;), . . . , XL+L'ix) are discrete eigenvalues of Q{x), and one 
has, 

inf dist {a{Q{x))\{XL'+i{x), . . . , Al'+l(x)}, {AL'+i(a;), . . . , Xl'+l{x)}) > 0. 

Furthermore, the spectral projections Uq{x), associated with {Ai(a;), . . . ,XL'ix)}, 
and no(a;), associated with {Xl'+i{x), . . . , XL>+Lix)}, both depend continuously on 
X € il. 



Then, we assume that P can be "regularized" with respect to x in in the 
following sense: 

(HA) There exists a finite family of bounded open sets (f^j)j^i in J?", a corre- 
sponding family of unitary operators Uj{x) (j = 1, • • • ,1", x £ ftj), and some fix 
selfadjoint operator Qq > Cq on 7i with domain Vq, such that (denoting by Uj the 
unitary operator on Lp'{Vlj]'H) ~ L'^{Q,j)®'H induced by the action of Uj{x) on Ti.), 

• For all J = 1, • • • , r and a; g Uj{x) leaves "Dq invariant; 

• For all J, the operator UjU>U~^ is a semiclassical differential operator with 
operator-valued symbol, of the form, 

(2.3) t/jwt/ri = u; + /i ujp,j{x;h){hD^f, 

|/3|<m-l 

where uj^jQ^"^ e C°°{^f,C{n)) for any 76^+ (here, C{Ti) stands 
for the Banach space of bounded operators on 7i), and the quantity 

M_i 

\\^x^fi,ji.^'T^)Qo^ WcCH) is bounded uniformly with respect to h small 
enough and locally uniformly with respect to a; S ; 

• For all j, the operators Uj{x)Q{x)Uj[x)~^ and Uj{x)QoUj{x)~^ are in 
C°°{ilj; CCDqjH)) (where CiT>Q,l-L) stands for the space of bounded op- 
erators from Vq toH); 

• W € C°°(Uj^^if7j); 

• There exists a dense subspace Hoc C "Dq C Ti., such that, for any v e Hoo 
and any j — 1, - ■ ■ ,r, the application x 1-^ Uj(x)v is in C^iyij^Vq). 

Note that, for physical molecular systems, a construction of such operators C/j(x)'s 
is made in [KMSW] . and can be performed around any point of iR" where W 
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is smooth. Moreover, in that case one can take Qo = —Ay + 1 (where y stands 
for the position of the electrons), and the last point in (H4) can be realized by 
taking Hoc = Co°0^)- Again, we refer the interested reader to Chapter [T^l Let us 
also observe that, in the case L' + L = 1, one does not need to assume that is 
contractible. 

For any ipo £ L'^{1R"^;H) (possibly /i-dependent) such that WfoW l^{K'=-h) — 
0{h°°) for some compact set J-iTo CC 5?", and for any fi' CC 5?" open neighbor- 
hood of i^Tp, we set, 

Tn'{vo) := sup{r >Q-3Kt CC n' , sup ||e-**^/VollL^(K-^^) = 0{h^)}. 

te[o,T] 

Then, To'((y9o) < +oo, and, if one also assume that ||(1 — /(F))(y5o|| = 0{h°°) for 
some / € C^{]R), Theorem IB. II in Appendix B shows that, 

, ^ 2dist(A-o,9170 

|lV,c.(x,/.7^.)5(P)||' 

for any g £ C^{]R) verifying gf ^ f. 

As a main result, we obtain (denoting by L^{IRJ^)®^ the space (L^(iR"))-^ 
endowed with its natural Hilbert structure). 

Theorem 2.1. Assume (HI )-(H4) and let O' CC fl with Q,' open subset ofM". 
Then, for any g £ (M) , there exists an orthogonal projection Hg on (iR" -H), 
an operator W : L^M^^H) — > L'^{]R")®^, uniformly bounded with respect to h, 
and a selfadjoint L x L matrix A of h-admissible operators H"^{1R^) L^{1R.^), 
with the following properties: 

• For alli£C§°{n'), 

Ugi ^ Hoi + 0{h); 

• WW* = 1 and W*W = H^; 

• For X £ , the symbol a(x,^;h) of A verifies, 

a{x, h) = uj{x, /i)Il + M{x) + W{x)Il + hr{x, C; h) 

where 1l stands for the L-dimensional identity matrix, M{x) is a L x 
L matrix depending smoothly on x £ fl' and admitting Xlij^i(x), 
Xl'+l{x) as eigenvalues, and where d°'r{x,S,;h) — C'((^)™^^) for any 
multi-index a and uniformly with respect to (x,^) £ fl' x IR" and h> 
small enough; 

• For any f £ C^(iR) with Supp / C {(/ = 1}, and for any ipo £ L'^{nr-n) 
such that ||(/5o|| = 1, and, 

(2.4) \W4lhk^,;H) + 11(1 - + 11(1 - /(^))^o|| = 0{hn, 
for some Kq CC il', one has, 

(2.5) e-"-P/'Vo = W*e-**'4/''W(^o + O i(t)h°°) 
uniformly with respect to h > small enough and t £ [0, Ti^i'^o))- 

Remark 2.2. Actually, much more informations are obtained on the operators 
Ilg, W and A, and we refer to Theorems ] 7. i I and l 8. i I for more details, and to Chapter 
IW^for an explicit computation of A, up to 0{h'^). 
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Remark 2.3. Condition i2.4\) on the initial data may seems rather strong, 
but in fact, it wiU become clear from the proof that the operators Hg, f{P) and i 
(where i S C^{IR^) is supported in Kq) essentially commutes two by two (up to 
0{h)). Indeed, in the case of a molecular system, they respectively correspond to 
a localization in space for the nuclei, a localization in energy for the electrons, and 
a localization in energy for the whole molecule. 

Remark 2.4. Here, we have assumed that both IIq{x) and no(a:) have finite 
rank, since this corresponds to the main applications that we have in mind. How- 
ever, it will become clear from the proof that the case where one or both of them 
have infinite rank could be treated in a similar way, with the difference that, if 
RankHoCx) = oo, then W*e~'*'^/^W must be replaced by e-**nsPng//> ^^^^g^g 
not be any operator A anymore). Moreover, some assumption must be added in or- 
der to be able to construct a modified operator as in Chapter [3| (for instance, that 
both (x) and no(a;) admit convenient extensions to all x G iR" tiiat depend 
smoothly on x away from a neighborhood of K). 

Remark 2.5. In the next chapter, we modify the operator Q{x) away from the 
interesting region, in such a way that the new operator Q{x) admits a global gap in 
its spectrum. With such an operator, a much better result can be obtained, that 
permits to decouple the evolution in a somewhat more complete and abstract way: 
see Theorem \7.1\ (especially i|7.2)) ). In particular, even if ||(1 — ng)(/3o|| is not small. 
Theorem 17.11 gives a description of the quantum evolution of ipo in terms of two 
independent reduced evolutions. 

As a corollary, in the case L = 1 we also obtain the following geometric lower 
bound on Tn'{ipa), that relates it to the underlying classical Hamilton flow of the 
operator A: 

Corollary 2.6. Assume moreover that L = 1 and the coefficients Ca — 
Ca{x;h) of U3 verify, 

(2.6) Ca{x; h) = Cafl{x) + e{h)ca[x\ h), 

with Cafi real-valued and independent of h, e{h) — s- as /i — s- 0, and, for any (3, 
\d^Cafi{x)\ + \d^Ca[x, h)\ = 0(1) uniformly, and set, 

ao(x,0-^ ^ Ca,o(x)r + AL'+i(a:) + iy(a;) {x^n'). 

\a\<m 

Also, denote by Ha^ '.= d^aodx — dxCLod^ the Hamilton field of ao. Then, for any 
f £ C^{IR) with Supp / c {5 = 1}, and for any tpo £ L'^{IR";'H) such that 
\\ipo\\ ^ 1, and, 

\\Ml-(k^,,h) + 11(1 - + 11(1 - f{P))M - 0{h^), 

one has, 

(2.7) T^,{^o) > sup{r > 0; ^,(Ute[o,T] exp ti/,„ (if (/))) C Q'}, 

where tt^ stands for the projection (x,^) i— > x, and K[f ) is the compact subset of 
iR2" defined by 

K{f) {{x,0 ;xeKo, Loix,0+l< C/} 
with 7 = infxen' inf (t{Q{x)) and C f := Max| Supp /|. 
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Remark 2.7. Thanks to (HI) and (H2), it is easy to see that ex-ptHag{x,£,) is 
well defined for all {t, x,^) £ Mx 5?^". 

Remark 2.8. Actually, as it will be seen in the proof, in ^2.7]) one can replace 
the set K{f) by U^j^iFS{UjUgipQ), where FS stands for the Frequency Set of locally 
functions introduced in jGuSt) (we refer to Chapter\3\ for more details). 

Remark 2.9. Our proof would permit to state a similar result in the case 
L > 1, but under the additional assumption that the set {Xl'+i{x), . . . , Xl'+l{x)} 
can be written as {Ei(x), . . . , Elu (x)}, where the (possibly degenerate) eigenvalues 
Ej (x) are such that Ej (x) ^ Eji (x) for j ^ j' and x E il. In the general case where 
crossings may occur, such a type of result relies on the microlocal propagation of the 
Frequency Set for solutions of semiclassical matrix evolution problems (for which 
not much is known, in general). 

Remark 2.10. The proof also provides a very explicit and somehow optimal 
bound on Tq,i(lpq) in the case where ipo is a coherent state with respect to the 
x-variables: see Theorem III . 31 and ^1.8]) . 



CHAPTER 3 



A Modified Operator 

In this chapter, we consider an arbitrary compact subset K CC fl and an 
open neighborhood fix CC of K. We also denote by fig an open subset of 
iR", with closure disjoint from il^, and such that {flj)^^Q covers all of J?", and 
we set Uq := 1. The purpose of this chapter is to modify Q{x) for x outside a 
neighborhood of K, in order to make it regular with respect to x there, and to deal 
with a global gap instead of a local one. 

Due to the contractibility of Q, we know that there exist L' + L continuous 
functions mi, . . . , ul'+l m C(0; Ti), such that the families {ui{x), . . . , uli{x)) and 
{ul'+i{x), ■ ■ . ,ul'+l{x)) span RanllQ (a;) and Ranno(x) respectively, for all a; S 
(see, e.g., [KMSWp . 

Then, following Lemma 1.1 in [KMS W| . we first prove. 

Lemma 3.1. For all x e J?", there exist ui{x), . . . ,ul'+l{x) in Vq, such that 
the family ({ti(x), . . . , ul'+l{x)) is orthonormal in Ti. for all x G iR", the families 
{ui{x), . . . ,ul>{x)) and (ui'+i(a;), . . . , UL'+L(a:)) span Ran 11^ (a:) and Ranno(a:), 
respectively, when x G ^k, 3.nd, for all j = 0,1, ■ • • ,r and k = 1, . . . , L' + L, 

Uj{x)uk{x) e C°"{ny,VQ). 

Proof - Let (1,(2 G C^{M'"; [0,1]), such that Supp Ci C n^, Ci = 1 on 
and Ci + Cl — 1 everywhere. Since ui{x), . . . ,ul'+l{x) depend continuously on x 
in Q, for any e > one can find a finite number of points xi, - ■ ■ ,X]\[ G Supp Ci 
and a partition of unity ii, ■ ■ • ,in G C^{fl) on Supp Ci, such that, for all k = 
l,...,L' + L, 

N 

sup \\uk{x) -^ii,{x)uk{xi)\\n < £■ 

KG Supp Ci 

On the other hand, using the last assertion of (H4), for any {k,£) one can find 
Vk,i in T>Q, such that, \\vk,e - Uk{xe)\\-H < e and Uj{x)vk,e S C°°(rij, X>q) for all 
j — 1, . . . ,r. Moreover, it follows from (i?3) and (HA) that, for all j — 1, - ■ ■ , r, 

Uj[x)IIq{x)U*{x) and U j{x)Wo{x)U* {x) G C°°{nj,C{n,VQ)). 

Therefore, if we set, 

N 

Vk{x) := Il^{x)'^i£{x)vk,e (A; = 1, . . .,L'); 

e=i 

N 

Vk{x) ■.= Uo{x)J2'd^H,e (k^ L' + 1,...,L' + L), 

1=1 
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and since ^^gLiUix) = 1 on Supp^i, we obtain (also using that n^(a;)ufc(x) = 
Uk{x) for k < L', and no(a;)ufe(a;) = Uk{x) for k> L' + 1), 

sup \\ukix) - Vk{x)\\H < 2e 
cue Supp (i 

Uj{x)vk{x) G C°°{n,,VQ) (j = l,...,r). 

In particular, by taking e small enough, we see that the families {vi {x), . . . ,vl'{x)) 
and (vL'+iix), . . . ,VL'+Lix)) span RannQ"(.7:) and Ranno(x), respectively, for x € 
Supp(^i. Moreover, by Gram-Schmidt, this families can also be assumed to be 
orthonormal. 

Then, using again the last point of (H4), one can find an orthonormal family 
wi, . . . ,wl'+l € T>Q, such that \{wm,uk{xe))\ < e for all 1 < k,m < L' + L, 
1 < ^ < iV, and Uj{x)wm &C°°{9.j,VQ) (j = 1, . . . ,r). Thus, setting, 

Wk{x) := C,i{x)vk{x) + C2{x)wk, 

we see that, for all k,k' £ {1, . . . ,L' + L}, 

{wk{x),Wk'{x))-H = Sk,k' +0{e). 

As a consequence, taking e > sufficiently small and orthonormalizing the family 
{wi{x), . . . jWL'+Lix)), we obtain a new family {ui(x), . . . ,UL>+Lix)) that verifies 
all the properties required in the lemma. • 

Then, (with the usual convention J2k=i = if L' = 0) we set, 

L' 

fifl (a;) = '^{■,Uk{x))nUk{x), 
fe=i 

L'+L 

no(a;) = ^ {■,Uk{x))uUk{x) 

k=L' + l 

SO that (x) and no(a;) arc orthogonal projections of rank L' and L respectively, 
are orthogonal each other, coincide with IIq (.x) and no(a;) for x in Qk, and verify, 

(3.1) Uj{x)fl^{x)Ujix)* and Uj{x)Ilo{x)Uj{x)* € C°°{nj,C{H)), 
for all j = 0, 1, • • • , r. 

Now, with the help of IIq (a;), IIo(a:;), we modify Q{x) outside a neighborhood 
of K as follows. 

Proposition 3.2. Let fi'^ CC fix be an open neighborhood of K. Then, for 
all X e iR", there exists a selfadjoint operator Q{x) on H, with domain Vq, and 
uniformly semi-bounded from below, such that, 

(3.2) Q{x)=Q{x) ifxen'j^: 

(3.3) [Q(a;), flo (x)] = [g(x). Ho (.'/;)] = for all x e iR", 

and the application x i-^ Uj{x)Q{x)Uj{x)^^ is in C°° {ilj; C{'Dq,'H)) for all j = 
0, 1, • • • , r. Moreover, the bottom of the spectrum of Q{x) consists in L' + L eigen- 
values Ai(a;), . . . , Xl'+l{x), and Q{x) admits a global gap in its spectrum, in the 
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sense that, 

inf dist {a{Q{x))\{XL'+i{x), Xl'+l{x)}, {AL'+i(a;), . . . , XL'+Lix)}) > 0. 

Proof We set Yl^{x) = 1 - (a;) - Yloix) and we choose a function ^ e 
Cg°{nK] [0, 1]) such that C 1 on Then, with Qo as in (H4), we set, 

Qix) = C(a;)Q(a:) + (1 - ax))flUx)QoflUx) - (1 - C(a;))no"(a:). 

Since nQ"(a;) = Hq {x) and no(x) — Hoix) on SuppC, we see that nQ"(x) and Ho (a;) 
commute with Q{x), and it is also clear that Q{x) is selfadjoint with domain Vq. 
Moreover, 

Iloix)Q{x)iloix) = ax)Iloix)Q{x)n^{x) - (1 - Cixm^ix); 
ilo{x)Q{x)ilo{x) = C{x)Uo{x)Q{x)Uo{x), 
and, setting, 

Xl+l'+i{x) := inf {a{Q{x))\{Xi{x), . . . , Xl+l'{x)}) , 

one has, 

U+{x)Q{x)fl+{x) > {ax)XL+L'+i{x) + (1 - C(a;)) fi^x). 
In particular, the bottom of the spectrum of Q{x) consists in the L + L' eigenvalues 

Xk{x) = ax)Xk{x) - {I - Cix)) (fc = 1,...,^'), Afe(a:) = C(a:)Afe(x) (fc = L' + 
1, . . . , L' + L), and, due to (H3), one has, 

inf (Xl'+i{x) - Xl'{x)] = inf (C(x)(Al.+i(x) - Ai,(.T) + (1 - C{x))) > 0, 

and 

inf dist (a((5(x))\{Ai(a;), . . . , Al/+l(x)}, {Ai(x), . . . , Xl'+l{x)}) 

> inf \ax){XL.+L+i{x) - Al'+lCx)) + (1 - C(x))| > 0, 

while, since Supp C C $7, 

inf dist ((7(Q(a:))\{Ai(a;), . . . , Xl'+l{x)}, {Xi{x), . . . , Ai,+L(x)}) > 1. 
x£rt"\n 

In particular, Q{x) admits a fix global gap in its spectrum as stated in the proposi- 
tion. Finally, using (114) and p.ip . we see that U j{x)Q{x)U* {x) depends smoothly 
on X in Q,j for all j = 0, 1, • • • , r. • 

In the sequel, we also set, 
(3.4) P^uj + Q:=uj + Q{x)+(:{x)W{x), 

and we denote by ITq the projection on L^{]R^\TL) induced by the action of ii-o{x) 
on 7i, i.e. the unique projection on L^{]K'^;'H) that verifies 

no(/ ® g){x) = f{x)no{x)g (a.e. on M" 9 x) 

for aU / e L^{nr) and geU. 



CHAPTER 4 



Twisted /i- Admissible Operators 



In order to construct (in the same spirit as in [BrNol HeSjl2 , IMaSol INeSol 

[So] 1 an orthogonal projection H on L'^{nr; U) such that H - Hq = 0{h) and 
[P, n] = 0{h°°) (locally uniformly in energy), we need to generalize the notion 
of /i-admissible operator with operator- valued symbol (see, e.g., |Bal IGMSI and 
the Appendix) by taking into account the possible singularities of Q{x). To avoid 
complications, in this chapter we also restrict our attention to the case of bounded 
operators. The case of unbounded ones will be considered in the next chapter, at 
least from the point of view of differential operators. 

Definition 4.1. We call "regular covering" oflK'^ any finite family (r2j)j=o,- - ,r 
of open subsets of 5?" such that Uj^ofij = J?" and such that there exists a 
family of functions ij G G^{]R^) (the space of smooth functions on IR" with 
uniformly bounded derivatives of all order) with X] j=o — ^ — h — ^' 
dist ( Supp (ij), iR"\l}j) > (j = 0, • • • , rj. Moreover, ifUj{x) (xenj,0<j <r) 
is a family of unitary operators on Ti., the family [Uj, J^jO^^q ... ^ (where Uj denotes 
the unitary operator on L^(VLj]'H) ~ L^(rjj) (g) Ti, induced by the action of Uj(x) 
on Ti) will be called a "regular unitary covering" of [IBJ^ \TL) . 

Remark 4.2. Despite the terminology that we use, no assumption is made on 
any possible regularity ofUj{x) with respect to x. 

Remark 4.3. Possibly by shrinking a little bit around the compact set K , 
one can always assume that the family (C^j, f^j)j=o.i,- - ,r dehncd in Chapter [51 is a 
regular unitary covering of L^ITFC; H). 

In the sequels, we denote by C^{ilj) the space of functions i G C^(J?") such 
that dist ( Supp (i),iR"\^) > 0. 

Definition 4.4 (Twisted /i-Admissible Operator). Let U :— iU-j,fl-j)j^Q,,, ^ 
be a regular unitary covering (in the previous sense) of L^{]R^;'H). We say that 
an operator A : L^(IR^;TC) L^{IR^;TC) is a U-twisted h-admissible operator, if 
there exists a family of functions ij S C^{ilj) such that, for any N > 1, A can be 
written in the form, 

r 

(4.1) A = J2U[\jAfU,i,+RN, 

3=0 

where \\Rn\\c{l^(r^;H)) = C>(h'^), and, for any j ~ 0, ..,r, A'^ is a bounded h- 
admissible operator on ^^(iR"; U) with symbol af(x, ^ e C^(T*M'; C(H)), and, 
for any ^pi e C^iVLi) (I — 0, .., rj, the operator 

UmU^'^.A^i.u.u^'iPi, 
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is still an h-admissible operator on L^{]R"; Ti). 



Remark 4.5. In particular, by the C alder on- Vaillancourt theorem, the norm 
of A on L^{1R'^;'H) is bounded uniformly with respect to h G (0, 1]. 

An equivalent definition is given by the following proposition: 

Proposition 4.6. An operator A : L'^{lR"';n) L'^{]R"';n) is aU-twisted 
h-admissible operator if and only if the two following properties are verified: 

(1) For any N > 1 and any functions ii, • • • ,in & C^{IR^), one has, 

ad,, o...oad,„(A)=0(/i^) : L^{]R'';n) ^ L^iM^iH) 

where we have used the notation adi(A) :— [i, A] = lA — Ai. 

(2) For any (pj £ C^{^j), UjipjAU^^ipj is a bounded h-admissible operator 

on L'^{nr;n). 

Proof - From Definition l4.4[ it is clear that any ZY-twisted /i- admissible operator 
verifies the properties of the Proposition. Conversely, assume A verifies these prop- 
erties, and denote by (ij)j=o,- - .r C C^(J?") a partition of unity on iR" such that 
dist ( Supp {\j),IR^\Vlj) > 0. Then, for all j one can construct fj,ipj S C^(r2j), 
such that ^pjij — ij and ^jfj — ipj, and, for any > 1, we can write, 

r r 

^ = I]ij-4 = IZ(ijM+ijad^.(^)) 

3=0 j=0 



= ^"P] + ad^, ij ad^^ {A) 

r /JV-1 \ 

j=Q \fe=0 / 
r /N-1 \ 

= E E ^^'M'^, (^)^W^. + i.ad^^. {A) . 
j=0 \k=o I 

In particular, since ad;^^(j4) = 0{h^), and Uj commutes with the multiplication 
by functions of x, we obtain 

r 

(4.2) A = Y,Ui%AfU,^j+0{h^) 

3=0 

with 

(4.3) Af := J2 U3h<, {m-\3 = E {U,^^,AU-\,). 

k=0 k=0 

Therefore, A^^ is a bounded /i-admissible operator, and for any ipi e C^{rti), it 
verifies, 

Uii^iU~%Afi:,U,4>iUr^ = J2 ijad^^^{Ui4>iAUr%)^,, 

k=0 

that is still an /i- admissible operator. Thus, the proposition follows. • 
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In the sequel, if A is a Z^-twisted /i-admissible operator, then an expression of 
A as in (|4.ip will be said "adapted" to U. 

One also has at disposal a notion of (full) symbol for such operators. In the 
sequels, we denote by 5(fij x iR";£(7Y)) the space of (/i-dependent) operator- 
valued symbols aj G C°°{Qj x M"; C{Ti)) such that, for any a G Z^'^, the quantity 
\\d°'aj{x,£,)\\c{H) is bounded uniformly for h small enough and for (a:,^) in any set 
of the form ^ x iR", with ^ C ^ , dist (^ ,iR"\r2j) > 0. We also set, 

il :— {^j)j=0,...,r', 

s{n; c{n)) := s{no x iR"; c{n)) x • • • x s{nr x iR"; c{n)), 

and we write a = 0{h°°) in S{n;C{H)) when \\d°'aj{x,^)\\c(n) = 0{h°°) uniformly 
in any set fl'j x ffi" as before. 

Lemma 4.7. Let A be a U-twisted h-admissible operator, where 
hi — {Uj, D,j)Q<j<r is some regular unitary covering. Then, for all j — 0, ... , r, there 
exists an operator-valued symbol aj S S{V,j x ]R";£{H)), unique up to 0{h°°), 
such that, for any ij — ij{x) G C^{ilj), the symbol of the h-admissible operator 
UjijAU~^ij is ijflajjlij (where jl stands for the standard symbolic composition: see 
Appendix A). 

Proof - Indeed, given two functions ij, ipj G C^(flj) with ipjij — ij, one has 
UjhAU-h, = ij {UjipjAUf^^,) i„ 
and thus, denoting by Oj the symbol of UjiAU^^i, one obtains 

af =i,ttaftti,. 

In particular, using the explicit expression of ft (see Appendix A, Proposition IA.2[) . 
we see that aj^ = a^^ + 0{h°°) in the interior of {xji^) — !}• Then, the re- 
sult follows by taking a non-decreasing sequence (<y5j,fc)fc>i in C^(17j), such that 
Ufc>o{^ € rij ; (pj^k{x) = 1} = Qj, and, for any (x,^) £ fij x M", by defining 
aj(x,^) as the common value of the aJ'"'' (x, <^)'s for k large enough. • 

Definition 4.8 (Symbol). Let A be aU -twisted h-admissible operator, where 
U — (Uj, ^j)o<j<r is some regular unitary covering. Then, the family of operator- 
valued functions <t(A) :— (aj)o<j<r G S(n; C(Ti)), defined in the previous lemma, 
is called the (full) symbol of A. Moreover, A is said to be elliptic if, for any 
j = 0, • • • ,r and (x,^) € fij x IR" , the operator aj{x,£_) is invertible on Ti., and 
verifies, 

(4.4) \\a,ix,0-'\\c(H)=O{l), 

uniformly for h small enough and for (x,^) in any set of the form fl'^ x IR^, with 
C nj, dist (^-,iR"\^) > 0. 

In particular, it follows from the proof of Proposition 14.61 that, if such an op- 
erator A is elliptic, then it can be written in the form (14. ip . with Aj^ elliptic on 
{ij ^ 0} for all j, N. Moreover, we have the two following result on composition 
and parametrices: 
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Proposition 4.9 (Composition). Let U be a regular covering of L'^ {EV^ \TL) , 
and let A and B he two U -twisted h-admissible operators. Then, the composition 
AB is a U-twisted h-admissible operator, too. Moreover, its symbol is given by, 

a{AB) ^aiA)HB), 
where the operation (t is defined component by component, that is, 

{aj)o<j<rUbj)o<j<r {aj^bj)o<j<r. 

Proof - First of all, since 

ad,{AB) = ad,(A)B + Aad,{B), 

one easily sees, by induction on N, that the first condition in Proposition 14.61 is 
satisfied. Moreover, if ij G C^(r^j), let (pj G C^{^lj) such that (pjij = ij. Then, 
if, for any operator C, we set Cj :— UjipjCU^^Lpj, we have, 

U,x,ABU-\, = +^7,l,ad(^2)(A)B[/^^^■ 
= hAjB,x, + i,[ad(^2)(A)],.B,i, + U,x,ad\^.){A)BUr\ 

(4.5) = J2 K^?) i^)hB,i, + U,i,ad^^.^iA)BUj-\j 

k=0 

for all > 1. Therefore, since C/jijad(^2)(A)BC/rii^ = 0{h^), and the operator 
[ad^^2-^{A)]j = ad^j^2)(Aj) is a bounded /i-admissible operator, we deduce from 
(|4.5p that AB is a Z//-twisted /i-admissible operator. Moreover, since ipj = 1 on the 
support of ij, we see that the symbol of ijad^^2-:^{Aj) vanishes identically for fc > 1, 
and thus, we also deduce from (|4.5p that the symbol (cj)o<j<r of AB verifies, 

ijttcjftij = ijttajtt&jtJij, 

for any ij G C^{flj), and the result follows. • 

Proposition 4.10 (Parametrix). Let A be a U-twisted h-admissible operator, 
and assume that A is elliptic. Then, A is invertible on L^ [IR^ \Ti) , and its inverse 
A~^ is a U-twisted h-admissible operator. Moreover, its symbol a{A^^) is related 
to the one <y{A) = (aj)o<j<r of A by the following formula: 

a{A-^) - {a{A))-^+hb, 

where (cr(A))-i := ia-^)o<j<r and b e S{n;C{n)). 

Proof - We first prove that A is invertible by following an idea of |KMSW] 
(proof of Theorem 1.2). 

For j = 0, - ■ ■ ,r, let ij,ipj € C^{V,j) such that (pjij = \j, and Y^^j=oh — ^■ 
Then, by assumption, the symbol of Uj(pjAU~^(pj can be written on the form 
(pj{x)'iaj{x, ^)'i(pj{x) with aj(x,^) invertible, and the operator, 

r 
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is well defined and bounded on L'^{]R"'; H). Moreover, using the standard symbolic 
calculus, we compute, 



AB - ^A[/-V?0p,(^,a7i)t/,i, 

r 
r 

= E C// V,0p;,(^2^,)0p,(^,aTi)C/,i, + 0{h) 

3=0 

r r 

(4.6) = Y.Ur^^p^'^+0{h)^Y.'^+0{h)^l + 0{h). 

3=0 3=0 

In the same way, defining, 

r 

3=0 

we obtain B'A = l + 0{h), and this proves the invertibility of A for h small enough. 
It remains to verify that A^^ is a Z^-twistcd /i-admissible operator. We first prove. 



Lemma 4.11. Let A be a U-twisted h-admissible operator, and let i^ip G 

b 



C^{nr) such that dist ( Supp i, Supp V') > 0. Then, = 0{h°°) 



Proof - Given iV > 1, let • • • , ipN & C^(iR"), such that ipii — i, (pk+i(Pk 
(fik (/c = 1, • • • , iV — 1), and ifN^^ = 0. Then, one has, 

lA^jj = (/7iadi(A)'0 = (/32ad;pj o adi{A)^ 

= • • • = ad^„ o . . . o ad^, o adi(A)V = 0{h^+^). 



Now, since, 

ad,(A-i) = -A-^ad,{A)A-~^, 

it is easy to see, by induction on N, that A^^ satisfies to the first property of 
Proposition [461 Moreover, for v G L'^{]R"';H) and for ij e C^(ilj), let us set, 

u = A^'^Uj'^ijV, 

and choose (^j, e C^iflj-JR), ifjj G C^{nr';lR), such that ^^i^ = 0, + > 1, 
and dist ( Supp {fj — 1), Supp ij) > 0. Then, since the symbol of Aj := UjipjAU~^ipj 
is of the form (pj^aj'flipj with aj{x,S,) invertible for x in Supp ipj, we see that the 
bounded /i-admissible operator Bj := A*Aj + tjj^ is globally elliptic, and one has, 

BjUjijU = A*AjUjijU = A*UjipjAijU = ^*C/jij^u + A*Uj(pj [A, ij]u 
= A*i^jV + A*Ujtp.j [A, i.j\ip]u + A*U.jijA{ip] - l)u 
(4.7) = A*i]v + A*[A,,i,]U,^,u + 0{h^\\v\\), 
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where the last estimate comes from Lemma 14.111 In particular, since BJ^ is an 
/i-admissible operator, we obtain that UjijU can be written on the form, 

UjijU = Cjv + hC-UjipjU + 0{h°"\\v\\) 

where Cj^C'^ are bounded /i-admissible operators. Repeating the same argument 
with UjipjU instead of UjijU, and iterating the procedure, it easily follows that 
UjijA~^U~^ij is an /i-admissible operator. Moreover, we see on (14.71) that the 
symbol of UjijA^^Uj'^ij coincides, up to 0{h), with that of BJ^Apj, that is, 

{(p'^{x)a*{x,£,)aj{x,£,) + tp'j{x)y^a*{x,£,)ij(xf = aj{x,£,)~'^ij{xf, 

since ipj — 1 and ipj = on the support of ij. Thus, the proposition follows. • 

Proposition 4.12 (Functional Calculus). Let A be a self adjoint U -twisted h- 
admissible operator, and let f £ C^(iR). Then, the operator f{A) is a U-twisted 
h-admissible operator, and its symbol is related to that of A by the formula, 

a{f{A)) = /( Re <j{A)) + hb, 

where /( Re {aj)j^Q,,,,^r) '■= (/( Re aj))j=o....^r, Re aj :— ^{aj + a*), and b e 
S{n;C{H)). 

Proof - We use a formula of representation of f{A) due to B. Helffer and J. 
Sjostrand. Denote by / S C^{(S ) an almost analytic extension of /, that is, a 
function verifying / |u = / and \df{z)\ ~ 0{\ Im z\°°) uniformly on (S . Then, we 
have (see, e.g., |DiSjH [Ma2] ). 

(4.8) f{A) = - ( df{z){A- z)-^dRezdlm.z. 

Now, by Proposition l4.101 we see that, for z e C \1R, the operator [A — z)~'^ is a U- 
twisted /i-admissible operator. Moreover, by standard rules on the operations adi, 
if A and B are two bounded operators, then, for any > 1 and any ii, • • • , iat G 
C^iM"), one has. 



adjj^ o • • • o adi 



, {AB) = E ( n ) (^) ( n ^d.. I (B) 
iuj={i..-..N} / \jeJ I 

/nj=0 ^ ' 



In particular, replacing A and B hy A — z and {A — z) ^ respectively, one obtains, 
adii o • • • o adi„((A - z)"^) 



-(A-z) 



' E (n^dJ(A-z)[nadJ((^-z)-i) 



,7=0, -f?^0 

and thus, an easy induction gives, 

ad,, o . . . o ad,„((A - z)-i) = 0{h^\ Im z|-(^+i)), 

uniformly with respect to h and z. Therefore, it is immediate from ()4.8|) that /(A) 
verifies the first condition in Proposition [ 



Moreover, setting (aj)o<j<r := cr(^), for ij G C^{ujj), we denote by Bj{z) 
the /i-admissible operator with symbol ( Re aj — z)( Re aj — z)(p'^ + where Lpj 
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and tpj are as at the end of the proof of Proposition 14.101 Then, using that aj = 
Re aj + 0{h), we see that 

B,{z)^A,{zrA,{z)+yj^ + hB'^{z), 

with Aj{z) — Uj(pj{A — z)UJ ipj, and Bj{z) is a uniformly bounded /i-admissible 
operator. As a consequence, if w G L^(5?";7i), and for Im z 7^ 0, a computation 
similar to that of (|4.7p shows that, 

(4.9) Bj{z)UjijUj{z) = Cj{z)v + hC'j{z)UjLpjUj{z) + 0{h°°)\\v\\, 

where Uj{z) :— {A — z)^^U^^ijV, and Cj(z),Cj(z) are uniformly bounded h- 
admissible operators. Then, denoting by Bj{z) the /i-admissible operator with 
symbol [( Re aj — z) ( Re aj — z)(pj+ ~^ ? the standard pseudodifferential calculus 
with operator- valued symbols shows that, 

||B,(z)||=0(|Imzr^o) 

for some No> I, and, 

Bj{z)Bj{z) = l + hRj{z), 
where Rj{z) is a /i-admissible operator with symbol rj{z) verifying d"^rj{z) = 
0(1 Im for aU a € and for some N^^j > 1. Thus, applying B'^{z) to 

(|4.9p . we obtain, 

UjijUjiz) = cj^^(z)v-H/iCf^(z)C/j^jMj(z) -HO(/i°°| Imz\-^')\\v\\, 

where Cj'^\z), Cj'^\z) are two ^.-admissible operators, uniformly bounded by some 
negative power of | Im z\, and iVi is some positive number. Again, iterating the 
procedure as in the proof of Proposition l4. 101 one can deduce that f{A) also verifies 
the second condition in Proposition 14. 6[ and therefore is a i^-twisted /i-admissible 
operator. 

Finally, a computation similar to that of (|4.6|) shows that, 

r 

{A - z)-i = U-VjOp^{Vj{ Re a, - z)-')U,i, + hR 
where fj and ij are as in (j4.6p . and R verifies, 

N 

Uji,RU-h, - Op„(^ h\u,,(z)) + 0(/j^| Im zj-^^W), 

fe=0 

for any \j G C^(rij) such that ij^Pj = ijij = ij, any iV > 1, and for some Ni{N) > 1 
and rk,j{z) G C°°{T*nj), d°'rk^j{z) = 0{\ Im z\-^'''>'-') uniformly Then, one easily 
concludes that the symbol hj of Ujijf{A)Ujij verifies, 

bj =Ij/(Re ajYij +0{h), 

and since the previous construction can be made for ij G C^iflj) arbitrary, the 
result on the symbol of f{A) follows. • 

In order to complete the theory of bounded Z//-twisted /i-admissible operators, 
it remains to generalize the notion of quantization. To this purpose, we first observe 
that, if a = (aj)j=o,...,r G S(ri;£(-ff)), then, the two operators (fjOpi^{aj)(pj and 
U~^iPjOpf^{aj)Ujipj are well defined for any tpj G C^{Qj). Moreover, if a = <j{A) 
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is the symbol of a i^-twisted /i-admissiblc operator A, then, by construction, it 
necessarily verifies the following condition of compatibility: 

(4.10) U-'ipOp^{aj)Uj^ = [/,7V0p„(afc)[/fc^, 

for any ip e C^{^j) H C^{flk). Then, we have. 

Theorem 4.13 (Quantization). Let a — {aj)j^o r G S{fl; C{H)) satisfying 

to the compatibility condition i|4. JOI) . Then, there exists a U -twisted h-admissible 
operator A, unique up to 0{h°°), such that a = a{A). Moreover, A is given by the 
formula, 

r 

(4.11) A^Y. U-'XjOp„{a,)Uj^j, 

where ij, ipj G C^{flj)(j — 0, . . . ,r) is any family of functions such that X]j=o ~ 
1 and dist ( Supp (cpj — 1), Supp ij) > 0. 

Proof - The unicity up to 0{h°°) is a direct consequence of the formulas 
(|4.2|) - ()4.3|) . where A is expressed in terms of Uj(pjAU~^tpj and is clearly 0{h°°) 
if these operators have identically vanishing symbols. For the existence, we define 
A as in (I4.11|) and we observe that, thanks to (|4.10|) . for any k £ {0, . . . ,r} and 

ipk G C;f (rifc), one has, 

r r 

UkipkAUf:^iljk = Xji'kOVhi'^kjVo^k = Xj'0fcOP/i(gfc)V'fc + 0{h°°) 

= ^k0p^{ak)i^k + O{h°"). 
Thus, A admits {ak)k=o,....r as its symbol, and the result follows. • 

To end this chapter, let us go back to our operator P defined at the end of 
Chapter [31 We have. 

Proposition 4.14. Assume (H1)-(H4). Then, the operator P defined in i)3.4|) 
is such that P{u} + Qo)~-^ is aU-twisted h-admissible operator on L^{]R'^; TL), where 
U = {Uj,ilj)j=o,i,--- ,r is the regular covering defined in Chapter\^ Moreover, its 
symbol p ~ (pj)j=o,i,- - ,r verifies, 

where {Qj{x))j=o,i,---,r (resp. (Qoj (a^))j=o,i,- - ,rj is the symbol of Q{x) (resp. 
Qo{x)), and (6j)j=o' G S(n;C(Hj). 

Proof - We must verify the two conditions of Proposition 14.61 We have, 

ad.(P(u; + go)-i) 

= ad,(P)(u; + Qo)-' + Pad,((a; + Qo)-') 

= ad,(u;)(a; + Qo)-^ - P{uj + Qo)"^ad,(u;)(a; + Qo)^^ 

and an easy iteration shows that the first condition of Proposition 14.61 is satisfied. 
Moreover, if ij,ij e C^(IR!^) are supported in fij (j = 1 • • • , r) and verify Supp ij-fl 
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Supp (1 — ij) = 0, and if we set Pj := UjijPU^ ij, we have, 

= P,Ufi,{uj + Qo)-'U^\ + 0{h°°), 

and a slight generaUzation of the last argument in the proof of Proposition 14.101 
(this time with Bj — Uj(pj{i^ + Qo)UJ^^(pj + ipj{LV + Qo)ipj), shows that PjUjij{i^ + 
Qo)~^U~^ij is a bounded ^.-admissible operator on L?{IR^]'H). Therefore, the 
second condition of Proposition [46l is satisfied, too, and the result follows. • 



Corollary 4.15. The two operators (P + i) ^ and (uj + Qq) ^ are U -twisted 
h-admissible operators on L^(iR";7i). 

Proof - First observe that the previous proof is still valid if P is changed into 
P + 1. This proves that (w + Qo)"^ = (P + + <3o)"^ - Pi^^ + Qo)~^ is a 
W-twisted /i-admissible operator. Moreover, since (P + i){u} + Qo)^^ is elhptic, by 
Proposition l4. 101 its inverse {lj + Qq){P + is aZ//-twisted /i-admissible operator, 
too. Therefore, so is (P + i)"^ = (w + Qo)"^ {^^ + Qo){P + «)" 

Proposition 4.16. For any f e Cg°{lR), the operator f{P) is a U -twisted 
h-admissible. 

Proof - By Proposition 14.141 and Corollary 14.151 we see that the operator 
(P — z){uj + Qo)~^ is a Z^-twisted /i-admissible operator, and it is elliptic for z G 
(U \1R. Therefore, by Proposition l4.10l its inverse (a; + Qq){P — z)^^ is a W-twisted 
/i-admissible operator, too. Moreover, for any iV > 1 and any ii, • • • , iat G C^{]R^), 
one has, 

ad,, o . . . o ad,„((u; + Qo)(^ - z)-') = Oih^\ Im zj-^^+D) 

uniformly with respect to h and z. Therefore, we deduce again from (14. 8|) that 
(u) + Qo)f{P), too, is a W-twisted /i-admissible operator. As a consequence, so is 
f{P)- 
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Twisted Partial Differential Operators 

For > 0, we set, 

H^inj) := {u e L\Qj;n) ; Vi,- e Cr(^), b« S H^{M^;n)}, 

where H^^ilR"; H) stands for the usual Sobolcv space of order /i on iR" with values 
in?i. Moreover, if := {Uj,i^j)j_Q .,, ^ is a regular unitary covering (in the previous 
sense) of {M" ; , we introduce the vector-space, 

n'^iU) := {u e L^M'^-M) ; = 0, . . . ,r, C/^m |n, G if^(^)}, 

endowed with the family of semi-norms, 

r 

•= ii^iu^ +y^^\\Ujiju\\Hf, 

3=0 

where i := {ij)j=o,...,r is such that ij G C^(ilj) for all j. In particular, we have a 
notion of continuity for operators A : 1-L'^{U) TL'^{U). 

Let us also remark that, for = 0, we recover TL^iU) = L'^{]R";H), and, if 
IJi>v, then 'H'^{U) C 'H'^{U) with a continuous injection. 

Definition 5.1. Let U := {Uj^^j)j^Q ... ^ be a regular unitary covering (in 
the previous sense) of {IK'^ : H) , and let /x G We say that an operator 

A : Ti'^iU) -L^(iR";H) is a (semiclassical) U-twisted partial differential operator 
up to regularizing unitary conjugation (in short: U-twisted PDO) of degree jjL, if 
A is local with respect to the variable x (that is, Supp (Au) C Supp u for all u, 
where Supp stands for the support with respect to x), and, for all j = 0, . . . , r, 
the operator UjAU"^ (well defined on H^{flj) ) is of the form, 

l«|<M 

with Ua.j G S{ilj; C{H)). 

In particular, for any partition of unity (ij)j=o,...,r on iR" with ij G C^{flj), 
A can be written as, 

r 

(5.1) A = Y,U-'AjUjij, 

i=o 

with Aj := UjAUj'^. As a consequence, one also has ad^ o • • • o adi^^^{A) = for 
any functions ii, • • • € C^{M"'). 
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Of course, we also have an obvious notion of (full) symbol for such operators, 
namely, the family, 

a{A) -.^ {aj)o<j<r, aj{x,£,;h) -.^ ^ aa.j{x;h)C- 

|a|<M 

Moreover, if A and B are two ^//-twisted PDO's on L^{1R"'; Ti), of respective degrees 
fi and fi', by writing UjABUj'^ = {UjAU~^){UjBUj'^) and by using a partition of 

unity as before, we immediately see that AB is well defined on 7Y^^'' (U), and is a 
^//-twisted PDO, too, with symbol, 

<j{AB)^a{A)HB). 

Now, we turn back again to the operator P defined at the end of Chapter [31 and 
the regular covering defined in Chapter [51 

Proposition 5.2. Let A be aU-twisted PDO on L^{1R'^; H) of degree fi, where 
hi is the regular covering defined in Chapter\^ Then, for any integers k, £ such that 
k+£ > iJ./m, the operator {P + i)~^A{P + i)~^ is aU-twisted h-admissible operator. 

Proof - We first consider the case fc = 0. For ifjjipj € C^Ti^j)' such that 
dist ( Supp {ipj — 1), Supp (pj) > 0, we have, 

(5.2) UjipjA{P + i)-'^U-^ipj = UjipjAU~^i^jUji^j{P + ly^Uj^ifj, 

and, as in the proof of Proposition 14. 10) we see that the inverse of (P + iY can be 
written as, 

(5.3) {P + = B{1 + hR) 
where R is uniformly bounded, and B is of the form, 

r 

(5.4) 5 = E U-KO^,,{{p, + i)-')U,^., 

where (ii/)!y=o,...,r is an arbitrary partition of unity with ii, e C^{fl,^), G C'^{Vlu) 
is such that i^ii, = i^, and py(a;, ^; h) = lu{x,^; h) + Qu{x) + ({x)W{x). 

Lemma 5.3. Let j € {0, . . . ,r} and ipj G C^{ilj) be Gxed. Then, there exists 
a partition of unity (iiy)iy=o....,r of IR" with \^ S C^(f2^), and there exists % £ 
C^{n^) with ijjii, — 1^ (v = 0, . . . ,r), such that ijipj = ipj and i^ipj = if v ^ j. 

Proof ~ It is enough to construct a partition of unity in such a way that 
dist ( Supp tpj, Supp (ij — 1)) > (and thus, automatically, one will also have 
dist ( Supp 'ipj, Supp ii,) > for v ^ j). Let (i^),y=o,...,r be a partition of unity as 

in Definition 14.11 and let i" e C^f (fi^; [0, 1]) such that i" = 1 in a neighborhood of 
Supp tjjj U Supp ij. Then, the result is obtained by taking i^, :— (1 — ij )ii/ if 7^ j, 

and ij := i". • 

Taking the ii,'s and ij^'s as in the previous lemma, we obtain from (|5.3[) - (|5.4p . 

c/,v,(p + *)-' = V',op,,((p, + ty'WM'^ + hR), 

and thus, since Uj(fjAU~^^pj is a differential operator of degree fi with operator- 
valued symbol, we easily deduce from ()5.2p that if m£ > /i, then A{P + is 
bounded on L"^ [IR"' ]TL) , uniformly with respect to ft, > 0. Moreover, writing, 

U,^,A{P + i)-'U-^^j = [U,^,AUJ^il^j{hD,)-'^%{hD,Y-'U,^j{P + i)-'Uj\y 
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and using the standard pseudodifferential calculus with operator-valued symbol for 
the first factor, and a slight refinement of (14. 7p for the second one, we see that 
Uj(pjA{P + i)~^U~^ipj is an ^.-admissible operator on L^{IR"');H). Then, it only 
remains to verify the first property of Proposition [4?6l We first prove. 

Lemma 5.4. For any ai, . . . ,aM G C^(iR"), one has, 

(5.5) ad„, o . . . o ad„„ ((P + i)-^) ^h^{P + i)-'^Rn, 

with Rn = on L^{lR";n). 

Proof - Since ada„((P + i)"0 = -iP + i)-'^eida^i{P + iY)iP + i)-\ by an easy 
iteration we see that it is enough to prove that h~^adaiO- ■ ■oadaj^{{P+iY){P+i)~^ 
is uniformly bounded. Moreover, since adQ,„((P -I- iY){P + i)^^ is a sum of terms 
of the type (P -I- z)'^adQ,„ (a;)(P -I- (0 < /c < £ — 1), another easy iteration 

shows that it is enough to prove that {P -\- iYada^ o ■ ■ ■ o adQ,„ (ti^)(P + 
is uniformly bounded. Now, by (H4), we see that, for any partition of unity (ij) as 
before, (P + lY can be written as, 

r 

where Pj^i is of the form, 

\a\<ml 

M _^ 

with pj/^aQo" S C°°{nj;H). Moreover, by (|2.3p . the operator Ujadai o ■ ■ ■ o 
ada^ {u})U~^ = adoj o • • • o ad^^ {UjivU~^) is of the form, 

t/,adai o • • • o ada„(a;)t/j"^ = /i^ ^ Tj^a{x;h){hDx)"- , 

|a|<(m-JV) + 

with Tj^aQiT ^ {VLj-^Ti). In particular, we obtain, 

r 

(P + i)^ad„, o...oad,„M = /i^^ U^^\j,eAx;h)ihD,rUj^,, 

j=0 \a\<rn{e+l) 
M_f_i 

with ipj e C^{nj) and Xjj^aQo" G C°°(ilj;7i), and the result follows as 

before by using (I5.3p - (|5.4p . and by observing that, for \a\ < m{£ + 1), the opera- 
tor Qo^^ " {hDx)°'({hDx)"^ + Qo)^^^^ is uniformly bounded, and thus so is the 
operator Qq^^ ~ {hDx)°'ipjOpf^{{pj + iy^^^^)Ujij. • 

On the other hand, we see on (15. ip that adij o • • • o adi„ {A) is a Z^-twisted PDO 
of degree (/z — N)+, and the first property of Proposition for A{P + follows 
easily. 

For the case fc > 0, by taking a partition of unity, we first observe that, 

r 

(P + i)-^A{P + .)-^ = ^(P + £)-^U-'A,U,^,{P + i)-' 
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where Aj — UjAUj ^ can be written as, 



Q|<mfc 

^^l<m^ 



Then, by using (in addition to (|5.3p - (|5.4p ) that, 

(P + = {l + hR')B' 
where R' is uniformly bounded, and B' is of the form, 

r 

the same previous arguments show that the operator {P+i)~^A{P+i)~^ is bounded 
on L'^{IR";'H), uniformly with respect to /i > 0. 

Then, let > 1 and ai . . . , un S GTi^j)^ such that ai(pj = ipj, a2ai = ai, 
... , aNOiN-i — Q!jv-i, and aNiipj — 1) = 0. We have, 

+Ujipj{P + iy^Aii^j - l)ad„, o • • • o ad„„((P + i)-^)Uy(pj 

and thus, by (|5.5p . 

U,^,{P + t)-'A{P + z)-'U-'^j 

= Ujip.iP + ly'A^jiP + + o{h''). 

Then, writing A%Ijj = U'-^^jjjAjUjijjj, with Aj = UjAU^'^ and ipj G C^(^) such 
that i^ji^j — V'ji the result is obtained along the same lines as before. • 

Proposition 5.5. The two operators u^Qq^ and Qq^us areU-twisted PDO's 
of degree m. Moreover, if A is a U -twisted PDO such that QqA and AQq are U- 
twisted PDO's, too, of degree fj., then the operator h^^[uj,A] is a U-twisted PDO 
of degree at most /i + m — 1. 

Proof - Thank to (H4), the fact that wQo ^ and Qq^u: are W-twisted PDO's 
of degree m is obvious. Moreover, the fact that QoA and AQo are both Z^-twistcd 
PDO's implies that UjAU~^ can be written as, 

UjAUr^ = J2 a^A^;h){hD^r 

\a\<^^ 

with Qoaa.j and aa.jQo in 5(17^; £(7Y)). Then, using (H4), we have, 
UjivAUr^ = J2 Co,{x;h){hD^)^ap,j{x-h){hD,f 



+h ^ L0a,j{x;h){hD^)°'ai3,j{x;h){hDxf 



5. TWISTED PARTIAL DIFFERENTIAL OPERATORS 



31 



and 

UjAljU-^ = a/3,jix;h)ihD^fca{x;h)ihD,r 

|a|<m 
l/3|<^ 

+h ^ a0j{x;h){hD^)'^Wa,j{x;h){hD^)°'. 

|a|<m-l 

Moreover, by (H4) (and the fact that UjU>U^^ is symmetric), we know that Ca is 
scalar-valued, and Q'^^^uja.j, (^a.jQa^ ^I'c bounded operators on Ti (together with 
all their derivatives). Thus, it is clear that /i~^L(j [w, A]?/^^^ is a PDO of degree < 
fjb + m— 1, and the result follows. • 



CHAPTER 6 



Construction of a Quasi-Invariant Subspace 

Theorem 6.1. Assume (H1)-(H4), and denote by U := {Uj,i}j)j^o,--- ,r the 
regular unitary covering of L^(5?";7i) constructed from the operators Uj and the 
open sets ftj defined in Chapter Then, for any g e C^{IR), there exists a 
U -twisted h-admissible operator Ilg on L?{IR^\Ti), such that Hg is an orthogonal 
projection that verifies, 

(6.1) n<, = no + o(M 

and, for any f e Cg°{lR) with Supp / C {g = 1}, and any i>0, 

(6.2) Py{P),Ug]^0{h°°). 

Moreover, Ilg is uniformly bounded as an operator : i^(iR";7Y) L^{1R"';'Dq) 
and, for any i>0, any N > 1, and any functions ii, • • • , ijv G C^{IR"), one has, 

(6.3) P^ad., o...oad,„(n<,)-0(/i^). 

Proof - : We first perform a formal construction, by essentially following a 
procedure taken from [Nelj (see also |BrNoj in the case L — 1). In the sequel, 
all the twisted PDO's that are involved are associated with the regular covering 
constructed in Chapter [2l and we will omit to specify it all the time. We say that a 
twisted EDO is symmetric when it is formally selfadjoint with respect to the scalar 
product in L^{nr;n). 

Since Q — Q{x) + C,{x)W{x) commutes with Ho, we have, 

(6.4) [P,flo] - [u;,flo]. 

Moreover, denoting by 7(2;) a complex oriented single loop surrounding the set 
{Al'+i(x), . . . , and leaving the rest of the spectrum of Q(x) in its exte- 

rior, we have, 

(6.5) no(x) I {z~Q{x)r^dz, 

and thus, it results from Proposition 13.21 and assumption (H4) that QQtiQ{x) is a 
Zi-twisted PDO of degree 0. Therefore, applying Proposition 15. 5( we immediately 
obtain, 

(6.6) [P,iio\ = -^hSo, 

where 6*0 is a symmetric twisted PDO (of degree m — 1). Moreover, setting IlJ- := 
1 — Hq, we observe that, 

(6.7) 5o =fIo5'o^^+^^S•o^o• 
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Then, we set, 
(6.8) 



27r 



Thus, Hi is a symmetric i^-twisted PDO (of degree m — 1), and is such that Qolii 
is a twisted PDO, too. Therefore, using Proposition [^3] again, we have, 

[F,ni] = [g,ni] + /iB, 

where B is a twisted PDO (of degree 2(to — 1)). Then, using that Q{x){z — 
Q(a;))~^ — {z — Q{x))~^Q{x) — z{z — Q{x))^^ — 1, one computes, 

1 



[Q(a;),ni] = — 



27r 



7(a:) 



ti^{x)SMx) - Ii^{x)S^Ii^{x) {z - Q{x))-'dz 



1 



2tt 



— i {z^Q{x))-^ tii{x)SMx)-Ii^{x)S^t{^{x) 



dz 



n^{x)SMx) - no(2:)^on^(a:)J Mx) 

-zno(x) [n^(a;)5ono(x) - no(x)S'on^(a;) 

= i(n^Sono + no5'ofi^), 

that gives, 

(6.9) [g,ni] = z(ii^5ono + no^on^) + [CW^,ni], 

and thus, using (|6.7p . one obtains, 

(6.10) [P,t\i]=iSQ-ihSi, 

where Si is a symmetric twisted PDO (of degree 2(m — 1)). Hence, setting, 

n(i) := flo + /ini, 
we deduce from (|6.6p and (lO.lOp . 

(6.11) [P,n(i)] = -i/i^^i. 
Moreover, 

(n(i))2 _ n(i) = /i(noni + nifto - fti) + /(,2n2 = h^fii =■ u^t^, 

where Ti is a symmetric twisted PDO (of degree 2(m — 1)), such that Q^Ti is a 
twisted PDO, too. 



Now, by induction on M, suppose that we have constructed a symmetric twisted 
PDO n(*^) as, 

M 
fe=0 

where the QoIIfc's are twisted PDO's, such that, 

(6.12) (n(*^))2 - n(*'^) = /i'^'+^Tm; 

(6.13) [p,n(*^)] ^-i/i^^+i^M, 

with S'a/ and QqTm twisted PDO's. 
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We set, 

n(^+i) =n(*^) + /i*^+ifiM+i, 

with, 

fiM+i := -^<f (2 - Q{x))-^ fe^A/no - no^A/n^l {z - Qix))-'dz 

(6.14) +n^TMfio - noTMiio. 

Then, n^^^"*"^^ is again a symmetric twisted PDO, and, using the induction assump- 
tion, we immediately see that Q{x)IIm+i (and thus also QqIIm+i) is a twisted PDO. 
Moreover, since Tm and n*^^^) commute, we have, 

n(^)rM(i - n(^-^)) = (i - n(*^))TAfn(*^) = -h''+^Tlj, 

and thus, since n(*^) = fio + hRM with QoRm twisted PDO, we first obtain, 

(6.15) nc^TMllo + UoTmYI^ = hR'j,j, 

with QqR'm twisted PDO. On the other hand, one can check that, 

nj\/+i — (noHM-i-i + nM-i-ino) = noTMiio + Hq TMiifj", 

and thus, with (|6.15[) . 

Haz+i — (HoTIm+i + nM+iIIo) = Tm — HR'm- 
As a consequence, we obtain, 

(6.16) {j]iM+i)Y _ n(M+i) ^ h'^+^Tm+i, 

where QqTm+i is a twisted PDO. Applying Proposition 15.51 we also have, 

[u^,UM+i]=hR';j, 
with R'Ij twisted PDO, and thus, 

[^',nA./+i] - [Q,UM+i]+hRlj 

= lifloSMlio +fioSMfio) 

(6.17) +n^[Q,TM]nf[ -no[Q,TM]no + /i4f 

with Rj^ twisted PDO, and, using the hypothesis of induction (and, again, the 
twisted symbolic calculus), 

fl^[Q,TM]fi^ 

= U^[P,TM]fl^ + hR'^^^ 

= ;i-('^'^+i)fi^([p,n(*^)]n(*^) +n(*^)[p,n(*^)] - [p,nW])n([ + 



M 

(6.18) =iil^SM'no +hRfJ, 
and, in the same way, 

(6.19) no[Q, TM]flo - -iflo^Afrio + hRf^, 

where the operators R^j's are all twisted PDO's. Inserting ([6?T8l) - (|6?T9l) into ((6TT71) . 
we finally obtain, 

[P,IlM+i]^tSM + hRZ\ 
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that imphes, 

where is a twisted PDO. Therefore, the induction is estabhshed. 



From this point, we fonow an idea of |So| . Let g e C^{IR). Using Propositions 
O and I4l6l and writing g{P)i\k = 9{P){P + i)^ {P + «)"^nfe, we see that the 
operators 5(P)nfe [k > 0) are ah twisted ft-admissible operators. In particular, they 
are all bounded, uniformly with respect to h. Moreover, for any £, I' > 0, any > 1, 
and any functions ii, • • • , iw € C^{]R^), by construction, h~^a,di-^ o ■ ■ ■ o adi„ (11^) 
is a twisted PDO, and thus, by Propositions 15.21 and 14.161 P^g{P)a.di^ o ■ ■ ■ o 
adi„(rife)P^ is uniformly bounded. It is also easy to show (e.g., by using (|6.24p 
hereafter) that, 

(6.20) P^ad., o . . . o ad,„(.g(P))P^' = 0{h^), 
and therefore, we obtain, 

h-^P'ad,, o . . . o ad,„(5(P)nfe)P^' - 0(1), 

uniformly with respect to h. As a consequence, we can resum in a standard way 
the formal series of operators J^'kLo^'^di^)^^ (see, e.g., |Ma2| Lemma 2.3.3), in 
such a way that, if we denote by 11(17) such a resummation, we have, 

M-l 

(6.21) ||P^ad,,o...oad,„(n(5)- ^ g{P)nk)P'' \\cimii-;H)) ^ 0{h^'+''), 

for any £,£' > 0, M,N > and any ii, • • • , e C^{]R") (with the conventions 
ad,, o • • • o ad,„(n(g)) = n{g) if = 0, and Efclo^ = if M = 0). 
Then, we prove. 

Lemma 6.2. For any i>0, one has, 

(6.22) ll^'(n(5) - nigr)\\cimj^^,n)) = 0{h^). 

Proof - In view of (|6.2ip . it is enough to show that, for any M > 1, one has, 

(6.23) (P + z)^[5(P),n(^'^)] = 0(/i*^+i). 

For iV > 1 large enough, we set gN{s) ■— g{s){s + «)^ G C^{I[i}, and we observe 
that, 

(6.24) giP) = gNiPKP + ^)-'' ^^J dgN{z){P - z)-\P + t^dz dz, 

where gN is an almost analytic extension of g^. Therefore, we obtain, 

(P + z)^[g(P),nW] 
(6.25) 

J dgNiz)iP~z)-\P + iY-^[U'^^'^\ {P^z){P + if]{P-z)-\P + i)-^dz dz, 

and it follows from (|6.13p and the twisted PDO calculus, that, 
(6.26) [n(*^), (P - z)(P + if] ^ h^^+^Ru.N 

where Rm,n is a twisted PDO of degree fiM + rriN, with the degree of Sm- 
Therefore, if we choose such that 2mN—m£ > fiM + mN, that is, N > £+fiM/ni, 
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then fOSll - llOel) and PropositionOtell us that /i^^^^+i) [^(P), H^*^)] is a twisted 
/i-admissible operator, and the result follows. • 



We set, 



(6.27) n, n(5) + n(5)* ~ -(g(P))n(5)* + n(5).g(P)) + (1 - .g(P))no(l - 9{P)). 



Then, lig is a selfadjoint twisted /i-admissible operator, and since n(g) = (7(P)no + 
0{h), we have, 

(6.28) ling - flo\\ciLHR";n)) + 11^- tig\\ciL-(B^^^;n)) = 0{h). 

By construction, we also have P'^{g{P)U(g)* - n{g)g{P)) = 0{h°°) for aU ^ > 0, 
and thus, by Lemma [ 



(6.29) P'ilg - P' \a{g) + (1 - 5(P)) (n(5) + no(l - g{P)))\ + 0{h^). 

Moreover, if / € C^{]R) is such that Supp f C {g = 1}, and if we denote by n(/) a 
resummation of the formal series J2k>o ^''f{P)^k as before, since f{P){\—g{P)) = 
0, /(P)n(5)-n(/) = 0(/i-), and P^"(l-.g(P)n(5)/(P) = P'{l-g[P)Ii{gY f{P) + 
0{h°°) = P^(l - 5(P)n(/) + Oih"^) = 0{h°°), we deduce from (IOQ]! and Lemma 

121 



p*[/(p), Ug] = p' [nif) - n(5)*/(p) j + o{h°") = p' (n(/) - n(/)*) + oih°^), 

and thus, 

(6.30) \\P'[fiP),ng]\\cimM^.,n))=0{hn. 

On the other hand, we deduce from Lemma \6l2\ and (|6.12p . 

P'{n{g f n(.g2)) = P'{n{g)Il{gr - n{g')) + 0{h°-) 
= P\li{g)g{P) - n(.g2)) + 0(/i-) 

(6.31) = 0{h°°), 

and thus, using ([g:^ - ([OT|) . 

(6.32) P\tll-tig)f{P) = 0{h^). 

Then, following the arguments of [Nell INe2l INeSol ISo| , for h small enough we 
can define the following orthogonal projection: 

(6.33) := / (Hg - z)-^ dz, 

2«7r J\z~i\=^ 

and it verifies (see [Soj . Formula (3.9), and |Nelj . Proposition 3), 
(6.34) 

n, - 11, = -L(n2 - n,) / (n, - z)-\2Ug - i)(i - - z)-\i - z)-^ dz. 

In particular, we obtain from (|6.32p and (|6.34p . 

(6.35) p^(n<,-n<,)/(p) = o(/i°°), 

and thus, we deduce from (|08l) and ([O0| that jUI]) and hold. 
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In order to prove ()6.3p . we first observe that, by using ()6.20p . (I6.21|) and the 
fact that adi^(no) = 0, we obtain, 



(6.36) P^ad.i o • • • o ad,„(ng) = 0{h^), 

for any > 1. On the other hand, we have. 

Lemma 6.3. For any I > Q and z ^ <S such that 1^ — 1| — 1/2, the operator 
P'^illg - z)-i(P + i)-^ is uniformly bounded on L^iST; H). 

Proof - Writing, for l> Q, 

Hr. = {P + if{t\g-z)-\P + i)-' 

= + (p + if-\p, {iig - zr\p + 1)-' 

and performing an easy induction, we see that it is enough to prove that (P + 
i)^^i[ng,P](P + is Oih). Due to ((09)) . it is enough to study the two terms 

(P + i)^-i[n(g),P](P + i)"^ and (P + i)^-i[no, P](P + i)"^- By (O^ . the first 
one is 0{h°°), while the second one is equal to (P + i)^~^[no, a;](P + i)~^ and thus, 
by Propositions 15.51 and 15. 2| is 0{h). • 

Combining (|6.36p . (|6.33p and Lemma [^751 we easily obtain (|6.3p . and this com- 
pletes the proof of Theorem 16.11 • 



Remark 6.4. Observe that the previous proof also provides a way of computing 
the full symbol ofllg (and thus of Ilg, too) up to 0{h^^), for any M > 1. Indeed, 
formulas if6. 121) . i6.13\) . and i6.14\) permit to do it inductively. 

Remark 6.5. For this proof, we did not succeed in adapting the elegant ar- 
gument of Sj2| (as this was done for smooth interactions in |So| ). because of 
a technical problem. Namely, this argument involves a translation in the spec- 
tral variable z, of the type z i—^ z -\- lu{x,S^), inside the symbol of the resolvent 
of P. In our case, this would have led to consider a symbol d = (S,j)o<j<r 
of the type dj = aj(x,^,z -\- ujj{x,^)), where ujj is the symbol of Uju:U~^ and 
a{x,^, z) — {aj{x,^, z))o<j<r is the symbol of (z — P)^^. But then, it is not clear 
to us (and probably may be wrong) that the compatibility conditions i)4. are 
verified by a, and this prevents us from quantizing it in order to continue the 
argument. 



CHAPTER 7 



Decomposition of the Evolution for the Modified 

Operator 

In this chapter we prove a general result on the quantum evolution of P. 

Theorem 7.1. Under the same assumtions as for Theorem \6.1[ let g £ C^{]R). 
Then, one has the following results: 

1) Let ifio e L^{nr';n) verifying, 

(7.1) ^0 = fiP)vo, 

for some f £ C^{IR) such that Supp / C {,g = 1}. Then, with the projection Ilg 
constructed in Theorem \6.1[ one has, 

(7.2) e-^*^/'Vo = e-**^*''/'^ng^o + e-'*^'"'/\l - n<,)^o + Oi\t\h°°\\ipo\\) 
uniformly with respect to h small enough, t £ IR and ipo verifying i7.1]) . with, 

2) Let ifio £ L^{IR^;TC) (possibly h-dependent) verifying \\(po\\ — 1, and, 

(7.3) ^o^f{P)vo+0{h°-), 

for some f £ C^{IR) such that Supp / C {g = 1}. Then, one has, 

(7.4) e-"^/'Vo = e-'^^'^'/'ng^o + e-^*^'"/"(l - lig)^^ + 0{{t)h°-) 
uniformly with respect to h small enough and t £ IR. 

3) There exists a bounded operator W : L'^{lR'^;n) L'^{1R'")®^ with the following 
properties: 

• For any j £ {0,1,..., r}, and any ipj £ C^(rij), the operator Wj := 
WU-'^ipj is an h-admissible operator from L^{]R"';H) to L^iM"-)®^; 

• WW* = 1 and W*W = Ilg; 

• The operator A WPW* = WP^^^W* is an h-admissible operator on 
L2(iR")ffii with domain H'^iHT')®^, and its symbol a{x,C, h) verifies, 

a{x, h) = uj{x, i; /i)Il + M{x) + C{x)W{x)Il + hr{x, ^; h) 

where M.{x) is a L x L matrix depending smoothly on x, with spectrum 
{Xl'+i{x), . . . , Xl'+l{x)}, and r{x,£, : h) verifies, 

9"r(:r,C;/i)=O((0™~') 

for any multi-index a and uniformly with respect to (a;,^) £ T*]R'^ and 
h > small enough. 

In particular, W\R^nn, ■ RanHg ^ L^iOT)®^ is unitary and e-^^'^/'^Hg = 
)^*e-^tA/hyyYIg = >V*e-"^/''W for all t £ M. 
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Remark 7.2. In Chapter\Wl we give a way of computing easily the expansion 
of A up to any power of h. As an example, we compute explicitly its first three 
terms (that is, up to 0{h'^)). 

Proof - 1) Setting if := e^^^^^'^ipa, we have f{P)f — f, and thus 

(7.5) ihdtUg^ - ngP/(P)(^ - IllPfiP)ip. 

Moreover, writmg [ng,P]f{P) = [Ilg,Pf{P)] + P[f{P),ng], Theorem O tells us 
that ||[n3,P]/(P)|| = 0{h^). Therefore, we obtain from ((73|) . 

ihdtUg^ = HgPUgfiP)^ + O {h'^ M\) = P ^ ^ ' Hg + O ( | | .^Q | | ) , 

uniformly with respect to h and t. This equation can be re-written as, 

ihdt{e''P'''/'^Ugip)^Oih°°\\ipo\\), 
and thus, integrating from to t, we obtain, 

Ugip = e-^'P'^'/'^Ugifo + O{\t\h^\\ifo\\), 
uniformly with respect to h, t and ip^). 

Reasoning in the same way with 1 — Ilg instead of Wg, we also obtain, 

(1 - n,)^ = e-^'^'"''\i - n,)^o + o{\t\h^\\M). 

and ((7^ follows. 

2) Formula (|7.4p follows exactly in the same way. 

3) Since Ilg — Ho = 0{h), for h small enough we can consider the operator V 
defined by the Nagy formula, 

(7.6) V = (lion,, + (1 - no)(i - Eg)) (i - {Ug - fio)') . 

Then, V is a twisted /i-admissible operator, it differs from the identity by 0{h), 
and standard computations (using that (fig — IIo)^ commutes with both HoIIg and 
(1 - no)(l - Hg): see, e.g., (Kaj Chap. 1.4) show that, 

V*V = VV* = 1 and ftoV = VHg. 

Now, with Uk as in LemmaEHl we define Zl ■ L'^{IR";n) L'^{]R")®^ by, 

L'+L 
k=L' + l 

and we set, 

(7.7) W := ZloV = ZL+0{h). 

Thanks to the properties of V, we see that Wllg = W, and, since Z*^Zl — Ho and 
Z^Zf^ = 1, we also obtain: 

>V*>V = V*noV = lig ; WW* = 1. 
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Moreover, for any ipj,ij G C^{flj) such that ij = 1 near Supp(pj, and for any 
ijj e L^i^nr-n), we have, 

L' + L 
k=L' + l 

with Vj C/jijVt/~Vj and Uk,j{x) := Uj(x)uk(x) £ C^{nj,n). Therefore, 
WU^^(pj is an /i-admissible operator from L'^{]R"';n) to L^i^nT-)®^, and the first 
two properties stated on W are proved. (Actually, one can easily see that W also 
verifies a property analog to the first one in Proposition 14.61 and thus, with an 
obvious extension of the notion of twisted operator, that W is, indeed, a twisted 
/i-admissible operator from L^{]R'^;H) to L^{IR^)®^.) 

Then, defining 

(7.8) A WPW* = yVP^i^*, 

we want to prove that A is an /i-admissible operator and study its symbol. We first 
need the following result: 

Lemma 7.3. For any I > 0, any N > 1 and anyii, ■ ■ ■ ,in & C^{IR!^), one has, 

(7.9) \\P'i^d,, o ■ ■ ■ o ad,^{W*)\\c(LHM.-y,L^jR^^-,n) ^ Oih^). 

Proof ~ Since W* = V*Z£ and Z£ commutes with the multiplication by any 
function of a;, it is enough to prove, 

P^ad., o...oa4„(V*) = 0(/i^), 

on L^(iR";7i). Moreover, using (|6.3p and and the fact that ITq commutes with the 
multiplication by any function of a;, too, we see on (|7.6p that it is enough to show 
that, 

(7.10) (P + lY{l - {Ilg - no)2)-l/2(P + z)-^ = 0(1); 

(7.11) P^ad,, o . . . o ad.„ ((1 - (n, - Ilof)-'^') - Oih^). 

By construction, we have P^(n(g) — g{P)IlQ) = 0{h), and thus, we immediately 
see on (jOni) that P'^iflg ~ YIq) = 0{h). Then, writing 

- Ho = / (fig- zy'ifio - ns)(no ~ z)'' dz, 

and using Lemma 16.31 we also obtain, 

(7.12) P\llg-no) = 0{h), 

for aU £ > 0. In particular, (P + iYiUg - no)(P + i)"^ = 0{h), and therefore, for 
h sufficiently small, we can write, 

{P + ini- (Ug Ilofr'^'iP + z)-'=[l- [(P + ^YiIlg - no)(P + , 
and ((7111)1 follows. 

To prove ([7TT|1 . we write (1 - (Hg - IIqY)-'^/'^ as, 

OO 

(1 - {Hg - no)2)-i/2 = 1 + E - Ho)', 

k=l 
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where the radius of convergence of the power series J^kLi '^kz'^ is 1. Thus, 

oc 

P^ad,, o . . . o ad,„ ((1 - (Ug - fio)')-'/') = "fc-^^.fc 

k=l 

where AN,k ■= P^adi^ o • • • o adi„ ((Ilg — Ho)'"') is the sum of terms of the form, 

F^[ad..^^ • • • ad,,^^^ (Hg - Ilo)] . . . [ad,,^^ • • • ad,.^_^^_ {Ug - flo)], 

with m, . . . ,nk > 0, ni + ■ ■ ■ + Uk = N. Then, using (|6.2ip together with (|7.12p . 
we see that all these terms have a norm bounded by {CN)^h^'^^ , for some constant 
Cat > independent of fc. Therefore, WAnmW < {CN fh^+^ , and (ITTTll follows. 
• 

Then, proceeding as in the proof of Lemma 14.111 we deduce from Lemma 17.91 
that, if 1,?/; e C^°°(iR") are such that dist ( Supp i, Supp i/-) > 0, then, \\PhyV*i'\\ = 
0{h°°). As a consequence, taking a partition of unity (ij)j=o,...,r on J?" with ij E 
C^{il.j), and choosing ipj g C^(Slj) such that dist ( Supp {fj — 1), Supp ij) > 
(j = 0, . . . , r), we have (using also that P is local in the variable a;), 

r r 

j=o j=0 
with \\Rih)\\c(LHM.n) ^ ^(^°°)- Thus, 

r 

A = Y, ^,y^Uj\,P,U,^,W*^, + R{h), 

where Pj — UjPUJ^Lpj is an ^.-admissible (differential) operator from i?™(iR"; Vq) 
to L'^{IR''-;'H), while UjipjW*ipj is an /i-admissible operator from i7"(iR")®^ to 
i/™(iR";I?Q), and Lp.jWUJ^ij is an /i-admissible operator from L2(iR"; 7^) to L^ilRJ')®^. 

Therefore, A is an /i-admissible operator from H"^{]R"')®^ to L^(iR")®-^, and, 
if we set, 

Pj{x,i;h)=ij{x,C;h) + Qj{x) + (:{x)Wix)+h ^P^ji^'^h)^'^ ^ 

|/3|<m-l 

and if we denote by Wj(a;,^) (resp. w*(x, ^)) the symbol of C/j V?7j~^) (resp. UjVU^^), 
then, the (matrix) symbol a = {ak,i)i<k,i<L of A, is given by, 

r 

3=0 

In particular, since d°'{vj — 1) and 9"(w* — 1) are 0{h), we obtain, 

r 

ak,i{x,i,h) = Y{\j{x){uj{x,^) + (9j(a;) + C(a:)Ty(x)){iL'+fej(a;), {tL'+^j(a::))« 

+ffe,f(^) 

with d°'rkjih) = O(/i(0"~^), and thus, using the fact that 

{Qj{x)uL'+k,j{x),UL'+£,jix)) = v3j(a;)((3(x){iL'+fe(2:),UL'+£(a;)), 
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this finally gives, 

r 
3=0 

= {uj{x, + C{x)W{x))Sk,e + mk,£ix) + rk,i{h), 
with mk^e{x) := {Q{x)uL'+kix)TULi^e(x)). This completes the proof of Theorem 
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Proof of Theorem 12.11 

In view of Theorem 17. li it is enough to prove, 

Theorem 8.1. Let ^po e L'^{]R"';H) such that \\ipo\\ = 1, and, 

(8.1) \\ipo\\mKi^;H) + 11(1 - TIM + 11(1 - fiP))M = o{h^), 

for some Kq CC i}' CC Q., f,g e C^(IR), gf = /, and let P be the operator 
constructed in Chapter El with K — Q.' , and lig he the projection constructed in 
Theorem 16'. il Then, with the notations of Theorem 17.11 we have, 

(8.2) e-**^/'Vo = W*e-'*^/''>V(^o + O {{t)h°°) , 
uniformly with respect to h > small enough and t e [0, T^i{lpq)). 

Proof : Denote by i G C^{Q!^) (where il'^ is the same as in Proposition (521) 
a cutoff function such that i = 1 on if . We first prove, 

Lemma 8.2. 

\\{f{P)-f{PMciL^iR^;n)^0{hn- 
Proof - Using (|4.8p . we obtain, 

{I{P) - f{P)> - ^ y dfiz){P - z)-\P - P){P - z)-\dz dz. 

Moreover, if ?/; g C^(il'^) is such that i/) = 1 on a neighborhood of Supp i. Corol- 
lary and Lemma [4. Ill tell us, 

(V- -1){P~ z)-^\ = 0{h^\ Im z|"(^+i'), 

for any > 1. As a consequence, 

{f{P)- .f{P)Y=\ J dJ{z){P - z)-\P - P)4,{P ~ z)-\dz dz + 0{h^), 

and since (P — P)ip = (Q — Q)ijj = 0, the result follows. • 
Now, by (|8.ip . we have, 

^0 = f{P)vo + 0{h°-) = /(P)i^o + 0{h°-), 
and thus, by Lemma \8l2\ 

= f{P)m + o{h^) = f{P)^o + o{h°-). 

This means that (|7.3p is satisfied, and thus, by Theorem 17. li the decomposition 
(|7.4p is true. Using (|8.ip again, this gives, 

(8.3) e-''^/''ipo = e-"^'"/''ng(^o + Oi\t\h^) = W*e-'*^/''Wv'o + Oi{t)h°°), 
uniformly with respect to h and t. 
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On the other hand, if we set tp{t) :— e^**^/''(/Jo, then, by assumption, (f{t) — 
f{P)(p{t)+0{h°^) and ip{t) = vp{t)+0{h'^) uniformly for t e [0, To- (v?o)]- There- 
fore, applying Lemma [5^ again, we obtain as before, ^p{t) = f{P)ip{t) +0{h°°), 
and thus also, 

(8.4) ^{t)= J{P)i^{t)+0{h^), 

uniformly with respect to h and t e [0, Tsi'((po)]- Moreover, since P and P coincide 
on the support of i, we can write, 

ihdJiP)i^it) = /(P)iP^(t) = fiP)PMt) + f{p)[i,PMt), 

and thus, since /(P)[i, P] = f{P)[i, iv] is bounded, and [i, uj] is a differential operator 
with coefficients supported in Supp Vi (where ip is 0{h°°)), we obtain, 

ihdtf{P)Mt) = f{P)iP^{t) = p.f{P)Mt) + o{h^). 

As a consequence, 

f{P)Mt) = e~^'^"^f{P)i^^ + 0{\t\hn, 
and therefore, by (|8.4p . 

(8.5) v{t) = e-''*^/'Vo + 0{{t)h°°), 

uniformly with respect to h and t E [0, Tf2'(</Jo))- Then, Theorem 18.11 follows from 
31 and 
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Proof of Corollary 12.61 

First of all, let us recall the (standard) notion of frequency set FS{v) of some 
(possibly ^.-dependent) v E Lf^^{n) (see, e.g., .Ma2 and references therein). It is 
said that a point (xo,Co) G is not in FS{v) if there exist ii G C§°{uj) and 12 G 
C^iM") such that ii(a;o) = 12(^0) = 1 and ||i2(/ii:'x)iiw||L2(«-) = 0(/i°°). This is 
also equivalent to say that there exists an open neighborhood J\f of {xq, ^0) in T*]R^, 
such that, for any 1 G C^{N') and any ii G C^{Q), one has ||0p^(i)iiw||i2(jj>i) = 
0{h°°). 

As one can see, this notion can be extended in an obvious way to functions 
in Li^^{^l;H), and it is easy to see (e.g., as in |Ma2] Section 2.9) that the latter 
property still holds with operator- valued functions 1 G C^{J\f; £{H)), or even more 
generally, 1 G {N; C{Ti;Ti')) where Ti' is an arbitrary Hilbert-space. 

We first prove. 

Lemma 9.1. Let W : L'^{lR"';n) L'^{IR'^) be the operator given in Theorem 
rn\ Then, for any j G {0, 1, . . . , r}, any ip G L'^{IR'^; H) and v G L'^iST), such that 
M\ = \H\ = 1. one has, 

FS{Wif) n T*nj = FSiUjWgip) n T*VLf, 
FS{UjW*v) n T*VLj = FS{v) n r*%. 

Proof - Since WW* = 1 and W*W = Ilg, it is enough to prove the two 
inclusions FS{Wip) n T*% C FSiUjXlgip) n T*% and FS{UjW*v) n T*% C 

FS{v)r^T*nj. 

Therefore, let (xo,Co) S T*il,j, and assume first that (a;o,^o) ^ FS{UjIlgLp). 
In particular, this implies that, if Af CC T*ilj is a small enough neighborhood 
of (xcCo), then \\Op^,{ii)UjUgip\\ = 0{h^) for aU u G {N ; C{n; (S )) . Then, 
taking 1 G C^{N) and ipj G C^[rij) such that ^'^(2;) = 1 near ■Kx{ Supp 1) and 
i(a;o,Co) = 1, we write, 

Opji)w^ = Op,,(i)wn<,(^ = 0p,,(i)w^|ng^ + o(;i°°) 

= 0p^,{x)WUr^^jUj4,,T\g^ + O{h^), 

and since Op/j(i)W?7j"^'0j is an ^.-admissible operator from L^{]R^^;H) to L^{IR"'), 
with symbol supported in TV (that is, modulo 0{h°°) in {M'' ; CiH; € ))) , we 
obtain ||0p;,(i)Wv9|l = 0{h°°), and thus (xc^o) ^ F5(Wv9). 

Now, assume that (a:o,^o) ^ FS{v). Since UjipjW* is an /i-admissible operator, 
we obtain in the same way that ||Op/j(i)L/j'0jW*f || = 0(/i°°), and thus (xo,^o) ^ 
FS{UjW*v). • 
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Without loss of generality, we can assume To'((^o) < +00. By Theorem 18. ![ 
we have, 

uniformly for t € [0, rn'(¥'o)]j where W and A are given in Theorem 17. II Thus, by 
Lemma |9. 11 we immediately obtain. 

On the other hand, since A is an /i-admissible operator on L^{]R'^), a well-known 
result of propagation (see, e.g., [Ma2) Section 4.6, Exercise 12) tells us. 

Therefore, applying Lemma |9. II again, we obtain, 

(9.1) i^5(f/,e-"^/Vo) n T*nj = T*nj n exptHa„ (Ul^oFSiUkllgipo) n T*nk) . 
By assumption, we also have, 

(9.2) U^^o FSiUkllg^o) = UU^FSiUkifo) C i^o x M". 
In order to conclude, we need the following result: 

Lemma 9.2. For any f e C^(iR), e Cg^iSi"), h ^ Co'i^j), e > 0, and 
p e C^{IR) with Supp p C [Cf — 7 + e, +00) (where Cf is as in CoroUarv \2.6\) . 
one has, 

\\p{i,u;i,)i,fiU,i,PU-h,)\\^Oih°°). 

Proof - We set Uj :— ijUJij and Pj Uj\jPUj^\j. Using Assumptions (HI), 
(H2), (H4) and Proposition 13.21 we see that Pj > (1 — Ch)u)j + 7 — Ch for some 
constant C > independent of h. As a consequence, we have, 

p{ujj)Pjp{u:j) > p{iJj){{l - Ch)Ljj + 7 - Ch)p{Ljj) >{Cf+e- C'h)p{u:jf, 
with C ~ C + CCf. Therefore, we can write, 

for any u G L'^{]R"';H), and thus, 
Mu:,WiP,)\\ < ^-_i-^||F,.p(a;,)^/(P,)|| 

(9.3) 

Now, on the one hand, since Supp / is included in [~Cf, Cf], we have, 

^^-^i-^||p(.,)V.P./(P.)ll - ^jy^j^jmmPiu:^ 

(9.4) < 

On the other hand, since Pj and are both differential operators with respect to 
X with smooth (operator-valued) coefficients, and p{u}j)ip is a scalar operator, by 
standard symbolic calculus, we have, 

(9.5) [P„p(a;,)V']/(^,) = 0(%i(u;,)^i/(P,) + 0(/^°°), 
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where pi G C^{IR.) and ipi £ C^{IR^) are arbitrary functions verifying pip — p 
and V'lV' — V"- Inserting ()9.4p - ()9.5p into (19. 3|) . we obtain, 

|lp(a;, W(P,)|| = + 0{hn. 

Iterating the procedure, we clearly obtain the lemma. • 

Now, using, e.g., IHI), we know that e-^^P'^^ipQ = f{P)e-'*P/''ipo + 0{h°°). 
Moreover, if G C^{ilj) are such that ij = 1 near Supp tpj, by Lemma r4.11[ 

we have, 

and therefore. 

Then, using lemma [C. 11 we obtain, 

with Pj = UjijPUj'^ij. Therefore, using Lemma [9?2l this gives, 

||p(i,u;i,)C/,V,e-^*^/Vo|| = 0{h°^), 
and thus, by Lemma IC. 21 

(9.6) ||p(a;)C/,^,e-"^/Vo|| = 0{h^). 

Since the principal symbol of p(a;) is we deduce from ()9.2|) . (|9.6p . and standard 
results on F5, that, 

ULo^^(f^fcng^o) C ; X e i^o , < Q - 7}, 

and thus, by (PT]) . 

(9.7) F^(C/je-'*^/'Vo) nr*r!, C exptiJ,, {K{f )) n r*^-, 
for aU t > 0. 

Then, for any j G {0,1,..., r}, G C5"(rij) with V'jVi ~ ^i' ^'^'^ ^^^^ 

a e C(f (iR"), we write, 

C/,V'je-"^/'Vo - a(/ii?.)^j(x)C/,^,e"**^/'Vo + (1 - a(/ii^.))C/jV^,e~'*P/ ^o, 
and therefore, if a(^) = 1 in a sufficiently large compact set. 

Finally, if Supp i/ij D tt^ {exptHa„ iK{f))) = (or, more generally, Supp H 
7^:^ (ULoexpti?ao(^'5(C/fengV3o))) 0), then, lH]) and ^ tell us, 

||a(/iI?,)^,(x)C/j^je-''*^/Vo|| = 0{h°^), 
and thus, by the unitarity of Uj, 

uniformly for t G [0, To'((/?o)]. Since we also know that ||e^''*-^/''(po||K<= = 0{h°°) 
for some compact set K C iR" (by definition of TQi{ipo)), this proves that we can 
actually take for K any compact neighborhood of tt^ {exptHag {K{f))). Thus, if 
TQ'ifo) < sup{r > 0; 7r^(Ute[o,T] exptHa„{K{f))) C ft'}, clearly (e.g., by using 
Theorem lB.l[) . one can find T > Tn'((po) and Kt CC il', such that suptgjg.T] lle~'*^^''</3o|| 
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0{h°°). This is in contradiction with the definition of Tn>{ipo), and therefore, nec- 
essarily, 

Tn'iipo) > sup{T > 0; ^,(Ute[o.T] exp (X(/))) C n'}. 
This proves Corollarv l2.6i and also Remark 12.81 since . in the last argument, one can 
replace K{f) by U^^q exptHao{FS{Ukllgipa)) everywhere. • 
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Computing the Effective Hamiltonian 

Now that we know the existence of an effective Hamiltonian describing the 
evolution of those states (po that verify (j2.4p . the problem remains of computing 
its symbol up to any arbitrary power of h (in Theorem 12.11 only the principal 
symbol of A is given). Because of the conditions of localization (|2.4p . it is clear 
that such an effective Hamiltonian is not unique (for instance, the three operators 
A, Af{A) or Wf{P)W*AWfiP)W* could indifferently be taken). However, its 
symbol is certainly uniquely determined in the relevant region of the phase space 
where (f{t) := yVe^**-^/''(/3o lives (that is, on FS{(f{t)) in the sense of the previous 
chapter, and for t E [0, To' ((/Jq)))- Therefore, as long as we deal with /i-admissible 
operators (that is, with operators that do not move the Frequency Set), or even 
with twisted /i-admissible operators (that become standard /i-admissible operators 
once conjugated with W or Z^) it is enough, for computing the symbol A in this 
region, to start by performing formal computations on the operators themselves 
(instead of immediately using the twisted symbolic calculus, that appears to be a 
little bit too heavy at the beginning). 

In this chapter, we describe a rather easy way to perform these computations, 
and we give a simple expression of the effective Hamiltonian up to ©(/i^). Moreover, 
as an example, we also compute its symbol, up to 0{h?), in the case L = 1. Let 
us inform the reader that the results of this chapter are not used in the rest of the 
paper (except for Theorem I12.3p . and thus can be skipped without problem at a 
first reading. 

We start from the definition of A given in Chapter [7] (in particular (IT.SI) ): 

A ^ wPw* = ZlvPv*zi. 

Since Z^ is rather explicit, the problem mainly consists in determining the expan- 
sion of V. Setting, 

and using that H^ — Hg = Hq — Ho 0, we immediately obtain, 

(10.1) UgA + AUg^A + hA^. 

Thus, we deduce from (|7.6p . 

V = {{Ug-hA)Ug + {l-Ug+hA){l-Ug))(l-h^A^)-^ 

= {l + h[Ilg,A]~h'^A'^){l~h^A^)-^. 
Then, using the (convergent) series expansion, 

oo 

fc=l 
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with, 



1/1 .A ^ A , si (2/s - 1)! 



2'2 ''2 '■■■'2 'kl 22fe-ifc!(fc- 1)!' 

we obtain, 

V = 1 - ihVi + h^V2, 
where the two selfadjoint operators Vi and V2 are given by, 



^ 00 

V2 = -iA2 + ^K+i-^fe)/^''A^^'=+'\ 



fe=i 

that is, observing that Vk — Vk+i = i^fe/(2A: + 2), 

Vl = z[n<„A]^^i(A2); 

V2 = i^2(A2), 

with, (setting also I'o 1), 



k=0 



As a consequence, 

V* = l + i/iVi + Zi^Vz, 

and therefore, 

VPV* = P + ih[P, Vl] + /i2(ViPVi + V2P + PV2) + th^V2pVi - V1PV2) 

+ /l4V2PV2, 

that is, 

A = Zl{P + ih[P, Vl] + h^{ViPVi + V2P + PV2) + ih^{V2pVi - V1PV2) 

+ h''V2pV2)Zl. 

From now on, we work modulo 0{h^) error-terms, and, as we observed at the 
beginning of this chapter, if we restrict our attention to the relevant region of the 
phase space, then formal computations are sufhcient and Hg can be replaced by the 
formal series 11 := X]fe>o ^^^k constructed in Chapter [S] In particular, P formally 
commutes with 11 and thus, since [P,no] = —ihSo (see Chapter 15]), 

(10.2) [P, [n, A]] = -h-'[P, [fl,no]] = -h-'[fi, [P,flo]] - z[fl,5o], 

where, from now on, A stands for h-\lL - ILq) = J2k>i ^'"fife- 

Moreover, from the identities [P, 11] = 0, 11 = IIo + hA, we deduce, 
[P,A] = -h-'[P,no]^iSo, 
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and therefore, 

[P,Vi] = [So,U]Fi{A^) + i[U,A][P,F,{A^)]; 

oo 2fc-l 

[P,Fi(A2)] = ^ A^5oA2'=-i-^'. 

k=l j=0 

Since — 1 and i^i — 1/2, this gives, 

(10.3) [P, Vi] = [5o, n](l + yA^) ~ ^[n, A](5oA + A5o) + 0{h') 

Moreover, pHT]) imphes HAn = /lA^fl = /iflA^, and thus, in particular, A^ 
commutes with H. As a consequence, we can write, 

ViPVi = Fi(A2)[n,A]P[A,n]Fi(A2) 

= [ft, A]F[A, ft] + Re A2[ft, A]F[A, ft] + 0{h^), 

and, stiU using (jlO.ip . we have, 

[ft,A]F[A,ft] = ftAPAft + AftPftA - ftAPftA - AftPAft 

= (ftA + Aft)P(Aft + ftA) - 2ftAPftA - 2AftPAft 

= (A + /iA2)P(A + /lA^) - 2/iftA2pA - 2/iAPA2ft 

= APA + /i(l-2ft)A2pA + /iAPA2(l-2ft) 

= ^(A^P + PA^) + ^[A, So] + 2h Re A2(1 - 2ft)PA. 

Therefore, 

ViPVi = Re A2p+^[A,S'o] + 2/iRe A2(l-2ft)PA 

Re Re A^P + ^[A, So]) + ©(/i^). 
and, since V2 = -^A^ - ^h'^A'^ + 0{h'^), we obtain, 

ViPVi + V2P + PV2 = ^[A,S'o] +2/iRe A2(l-2ft)PA 

Re A2( Re A^P + 1[A, S-q]) - ^ Re A^P 

= ^[A,S'o] +2/iRe A2(l-2ft)PA 

+l/i2 ^ (iA2[A, S-q]) + A^PA^ + J Re A^P 

Finally, since, obviously, A^ also commutes with A, thus with [ft. A], too, we see 
that Vi and V2 commute together, and therefore, 

V2PV1 - V1PV2 = [P, Vi]V2 - [P, V2] Vi 

= -^[So,m^+'-[P,A'][n,A]+0{h') 

= -l[So,n]A' - kSoA + ASo)[fl, A] + Oih^). 
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Summing up, we have found, 

VPV* =Bo + hBi + h^B2 + Ir'B^ + h^B^ + 0{h^), 

with. 

Bo = P 

Bi = i[So,n] 

B3 = -Rei[n,A](S'oA + A5o) + 2RcA2(l-2fl)FA 
B4 = i (^Re(iA2[A,S'o]) + A2pA2 + iReA4p^ 

Then, writing fl = J2l=Q h''flk + 0{h*) and A = J2k=i h''-^Uk + 0(h^), we obtain, 
VPV* = Co + hCi + h^C2 + h^Cs + h^d + Oih'^), 

with, 

Co ^ P 

Ci = i[So,no] 

C3 = ^[5o,n2]- Rez[no,fii](S'oni + ni5o) + 2Rcn2(i-2no)pfii 

Ci = ^[S'o,n3]- Rei[no,n2](5'oni + ni5o)- Rei[iio,iii](S'oii2 + n25o) 
+2 Re (fiifi2 + n2ni)(i - 2no)pni - 4 Rc njpfii 
+2 Re fifii - 2no)pn2 + ^ Rc (mjpi, s-o]) + n?pn? + J Rc n^p^ 

Now, due to (|6.7p - (|6.8p . we observe that, 

no^oiio = ti^Soti^ = iiaiiitio = ti^tiiii^ = 0. 

As a consequence, 

noCifio ^inois-cnoino = 0, 

and, 

no[no,ni](5oni + fiiS'o)no = no[no,ni]no(5'ofii + ni5o)fio = O; 
fion?(i-2no)pnino = nofi?nt[pnino + non?(i - 2rio)[P,n(^]nino 

= ihIlofllil^2flo)SoIliflo 

= -ihllofllSoflinn- 

(In the last two steps we have used that noir^ITfl" — njj-S'oIlino — 0.) Since we 
also have Zl = ZlIIq and Z1 = IIqZI, we deduce, 

ZlCiZI = 0; 

(10.4) ZlCsZI - '-ZL[So,fl2]Zl + 2hlmfloIllSoIliIlo- 

In particular, since A = Z^VPV* Zl, we have proved. 
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Proposition 10.1. The effective Hamiltonian A verifies, 
(10.5) A = Ao + h^A2 + h^A3 + Oih^), 

with, 

Ao = ZlPZI 

As = '-ZL[So,fl2]Zl. 

It is interesting to observe that, at this level, the absence of a term in h (that 
is, an extra-term of the form hAi) is completely general and, in particular, is not 
related to any particular form of w (however, some term in h may be hidden in Aq, 
as we shall see in the sequels). 

Here, we have stopped the computation of A at the third power of h, but it is 
clear from the expression of C4 and (|10.4p that the coefficient of h"^ can be written 
down, too (but has a more complicated form). Of course, pushing forward the 
series and spending more time in the calculation would permit to also obtain the 
next terms. 

From that point, in order to have an even more explicit expression of A (in 
particular to compute its symbol), one must use the expressions of Hi and 112 
obtained in Chapter [S] Let us do it in the case L = 1. In that case, setting 
A(a;) := Xl'+i{x), one has Iio{z — Q{x))^^ — ^ '^(a^))^^no, and thus, 

HqHiHo ^ -— f dz ^ -iR {X{x))So, 

27r J^(^) z-A{x) 

where R'{x,z) YIq{x){z — Q{x))^^IIq{x) is the so-called reduced resolvent of 
Q{x). 

As a consequence, 

iio[^o,ni]no = ^on^riirio - nonin,[^o = '2iSoR'ix,xix))So, 

that leads to, 

A2 — ZiSoR'{x, X{x))SoZl. 

In the same way, 

U^Il2llo = -iR'{x,X{x))SiUo, 

and therefore, 

A3 = Re ZiSoR'{x,X{x))SiZl. 

Now, we can start to use the twisted symbolic calculus introduced in Chapter ID 
We denote by sq — (so)o<j<r and ttq = i''^o)o<j<r the (twisted) symbols of Sq and 
Hq respectively. We also set oj — (a)j)o<j<r, where, 

^,{x.,0:=Lo{x,0 + h ^i^A^)^^ {{x.OeT*n,), 

\P\<m-l 

is the symbol of the operator introduced in (|2.3p (we remind that we work with 
the standard quantization of symbols, as described in Chapter|A|. From (|6.4p - (|6.6p 
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and the considerations of Chapter H] (and since ttq = T^oix) does not depend on 
it s easy to see that, 

\f3\<m-l \a\=2 

If we also set, 

Qjix) := Uj{x)Q(x)Uj{x)-\ 
then, the symbol p — {pj)a<j<r of R'{x, \{x)) is simply given by, 

p,{x) = (1 - -Kiixmix) - QAx))-\l - Ai^)), 

and thus, the symbol 02 — {<J2)o<j<r of SqR'{x, \{x))Sq verifies, 

ai{x,0 - sl{x,0P3{x)sl{x,i) + -^d^sl{x,0dM^)sl{x.i))+O{h^). 
From (|6.8p - (|6.10p . we also obtain. 

Hi =f[5o,i?'(x,A(x))] 

5i = ^[a; + CW^,fli]. 
n 

Therefore, since w and C,W are scalar operators, the respective symbols tti = 
(^i)o<j<r and si = {s{)o<j<r of Hi and 5i, verify, 

^i{x,i) = i[s^o(x,C),p,(x)] +0(/i) = i94C.(x,C)[9.^i5(a:),P,(x)] +0(/i) 

s{ = {u + CW; tt{} + 0{h) = a^tj • a:r7r^i - d^Ti{ ■ da:{uj + (W) + 0{h), 

and thus, 

n 

k,£=l 

(10.6) +©(/!). 

This permits to compute the symbol 0-3 — (o'3)o<j<r of He SqR' (x, \{x))Si, by 
using the formula, 

(10.7) ai{x,0 = ^a^c. • [{d.TT^jp.si + s{p,{d,nl)) + 0{h). 

Observe that one also has, 

dxTToix) = {■,VxUj{x))nUj[x) + {■,Uj[x))n^ xUj{x), 

where stands for the operator w i— > {WjUju, and Uj —: Uj{x)uL'+i{x) is the 

normalized eigenfunction of Qj{x) associated with A(a;). 

Finally, we use the following elementary remark: let i? is a twisted /i-admissible 
(or PDO) operator on L^(iR";H), with symbol h — {bj)o<j<r, and let u{x),v{x) € 
Ti. such that, for all j = 0, . . . ,r, Uj{x) := Uj(x)u(x) and Vj{x) := Uj{x)v{x) are in 
C°°{nj;n). Denote by Z„, Z„ the operators L'^iST-.n) L^{1R") defined by , 

ZuW:={w,u)h ; ZyW -.^ {w,v)n- 

Then, the symbol b of the (standard) /i-admissible operator Z^BZ* verifies, 

V(a;,$) G T*nj, b{x,£,) = (6j(x,$)ttMj(x),'yj(x))-H, 
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where the operation U is defined in an obvious way, by substituting the usual product 
with the action of an operator (here, the various derivatives of bj {x, ^)) on a function 
(here, the various derivatives ofuj{x)). 

We can clearly apply this remark to compute the symbol of A2 and A3, but 
also that of Ao, since we have, 

Aq — ZiPZl — ZuP2* — Zq^uQo ^P^u^ 

with u := ul'+i (defined in Chapter [3]), and, by Proposition 15.51 we know that 
Qo^P is a twisted PDO. 

Combining all the previous computations, using that Qj(x)uj{x) = \{x)uj{x) 
for all = 0, . . . , r and a; e and gathering (as far as possible) the terms with 
same homogeneity in ft,, we finally arrive to the following result (leaving some details 
to the reader): 

Proposition 10.2. In the case Rankno(a;) = 1, the effective Hamiltonian A 
verifies \10.5\) with, 

Ao = ZiPZl; 

(10.8)^2 = ■lzi[P,no]i?'(x,A(x))[no,P]zr; 

Az = ^ReZ^[P,no]R\x,\{x))[[[P,\lo\.R'{x,\{x))],u: + CW]Zl, 

where \{x) is the (only) eigenvalue of Q{x)Ilo, and R'{x,\{x)) = IIq{x){X{x) — 
Q{x))~^IIq{x) is the reduced resolvent of Q{x). 

Moreover, the symbol a{x h) of A verifies, 

a{x,^;h) = ao{x,C) + hai{x,^) + h^a2{x.X) +0{h^), 
with, for any {x, ^) G T*flj (j = 0, . . . ,r arbitrary), 
ao(x,0 = uj{x,e,h) + Xix)+C{x)W{x); 

ai{x,£,) = {ujp^j{x)uj{x),Uj{x))^'^ - i{\/fLj{x,0'^^Uj{x),Uj{x)); 

\P\<in-l 

n ^ 

k,l=l |a|=2 

|/3|<m-l 

-2Im Y ^£.^{x,£){^l3.,j{x)P]{x)VxUj{x),Uj{x))£,'^ 

|/3|<m-l 

+ Y ('^/3j(2;)Pj(2;)"j(a;),w,3,i(a;)uj(a;))C^+'^. 

I/3|,|7|<™-1 

Remark 10.3. Although some of these terms may seem to depend on the choice 
of j verifying {x,£,) G T*^j, actually we know that this cannot be the case. In fact, 
the independency with respect to j is due to the compatibility conditions i)4. JO)) 
satisfied by the symbols of twisted pseudodifferential operators. 
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Remark 10.4. Actually, it results from the previous computations that il0.8\) 
is still valid in the (slightly) more general case where L is arbitrary and Xl'+i{x) = 
■ ■ ■ — Xl'+l{x) for all x £ ft. 

Remark 10.5. Using ifi0.6)) - i|10. 7)) . one can find an expression for the h^-term 
of the symbol of A, too. We leave it as an exercise to the reader. 



CHAPTER 11 



Propagation of Wave-Packets 

In this chapter, we assume L = 1 and we make the following additional as- 
sumption on the coefScients Cq, of o;: 

oo 

(11.1) Caix;h) r^^h''Ca,kix), 

with Ca.k independent of h. Then, in a similar spirit as in |Ha6j . we investigate 
the evolution of an initial state of the form, 

(11.2) = (7r/j)-"/V(P)n<,(e"«°/''-(^"^°)'/2/.^^,^^(^))^ 

where (a;o,^o) G T*il is fixed, /, g G Cg^(iR) are such that / = 1 near ao(a;o,^o) 
(here, ao(a;,^) is the same as in Corollary 12. 6p . g = 1 near Supp /, and Ilg is 
constructed as in Chapter [51 starting from the operator P constructed in Chapter 
[3]with K 3 xq- In particular, since e"^^"^"-* is exponentially small for x outside 
any neighborhood of xq, by Lemma 18.21 we have, 

^o{x) = (7r/i)-"/4/(P)n<,(e"«°/''-(^-^°)'/2''ui,+i(a:)) +0(/i°°), 

in L'^{]R^; Ti). Moreover, due to the properties of Ilg, and the fact that the coherent 
state (j)o := (7rft.)-"/4e^^«o/ft-(a;-a;o)V2;i ig normalized in L2(iR"), we also obtain, 

lpq{x) = {Trhy/'^f{P)e"^°/''-^'^''-''°'>^^^''uL,+i{x) + 0{h), 

and thus, in particular, \\(po\\ = 1 + 0{h). Actually, we even have the following 
better result: 

Proposition 11.1. The function ipo admits, in L^(5?";7^), an asymptotic 
expansion of the form, 

oo 

(11.3) Mx) - (7r/i)-"/4e"«°/''-("-"°)'/2'' h^Vk{x) + 0{h^), 

k=0 

with Vk £ L^{nr;n) (k>0), andvoix) = iiL'+iix) + 0{\x - xo\) in H, uniformly 
with respect to x £ iR". Moreover, for any j e {0, 1, . . . , r} and any ij G C^{ilj), 
the function Ujijipo admits, in C^{Qj;T-l), an asymptotic expansion of the form, 

oo 

(11.4) U,{x)i,{x)M^) ^ (^h)-'^e^-^°'^'^---^^'/^'^Y.^\{x)v,Ax)+0{hn, 

k=0 

with Vj^k e C°°{nj-n), Vj,o{x) = Uj{x)uL'+i{x) + 0{\x - xq\). 

Proof - For j ~ 0,1,..., r, let \j E C^(r2j), such that = 1, and let 

ij e C^(rij), such that ij — 1 near Supp ij. Then, since f{P) and Ilg are twisted 
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/i-admissible operators, have, 
j 

= E U-h,U,i,f{P)Urh,U~i,Ilf^(M^)uL'+i{x)) + 0{h^), 

3 

and thus, by Lemma fCli and setting := UjijPU^^ij, Hg j :— UjijUgll^^ij, and 
UL'+ij{x) := Uj{x)ij{x)uL'+i{x) (e Cf{Slf,'H)), we obtain, 

r 

(11.5) v'o = Y.U-\f{Pj)Iig,,{M^)uL'+iA^))'^0{h^). 

3=0 

Now, using the results of Chapters 4 and 6, we see that f{Pj)Iig,j is an /i-admissible 
operator on L^(iR";H), with symbol bj verifying, 



k=0 

hoi^^O = fihi^)^M^^O + QA^) + w{x))ri,{xfti^^j{x), 

where u}o{x,Cl E|a|<m Ca,o(a;)^", Q]{x) = Uj{x)Q{x)Uj{xy^, and noj(a;) = 
Uj{x)Tlo{x)Uj{x)^^. Moreover, we have, 

Op,(6,)(0o"L'+i,,)(^;/i)= j e^<-^-y^i/'^+^y^''^'^p{x,y,^;h)dyd^, 

with, 

and it is easy to check that, for any a, (3 ^ , one has, 

\\{hDynhD^fp{x,y,^;h)\\n^O{h^"^^'+^P^), 

uniformly for {x,y,^) £ iR'^"and h > small enough. As a consequence, we can 
perform a standard stationary phase expansion in the previous (oscillatory) integral 
(see, e.g., |DiSjl| i IMa2| ). and since the unique critical point is given by y = x and 
£, = £,0, we obtain, 

Op,,{b,){<PoVj){x; h) = e'-^^''^w,{x- h) + 0{h^), 

with, 



fe=0 



e=5o 



Therefore, since e'^y~^a? /"^h^ y^-'^y-^a? = - and, for any k £ IN , 

\y - xo|''e~(2^-^«)'/2'' = 0{h^/^), we also obtain, 

Op^(6,)(0o?^L'+i,,)(^;M = (^M""/^e"««/''^(""^°)'/2h^^.(^./j)^ 
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with, 
(11.6) 

w,{x,h) = Y,-—{{Vy~h-\v-xo))-V^)%{x,^-K)uL'+iM +o{h''/^), 



k=0 



for any > 0. Then, taking a ressummation of the formal series in (x — xq) 
obtained for each degree of homogeneity in h in pi.6p . we obtain an asymptotic 
expansion of Wj, of the form, 

oo 

Wj{x, h) ^ h^Wj^k{x)- 

k=0 

(Alternatively - and equivalently ~ one could have used instead the stationary phase 
theorem with complex-valued phase function |MeSjl| Theorem 2.3, with the phase 
(a;— y)f +y^o+«(2/— a;o)^/2.) In particular, the first coefRcient 'Wjfi{x) is obtained as a 

resummation of the formal series Ylik>o • Vj)'^6j(a;, ^; K)uLi+i^j{y) 

and thus, 



5=50 



Wj,o{x){x) = bj{x,^o;h)uL>+i,jix) +0{\x - xo\) 

= fi'ij{x)^{ujoix,^o) + Qj{x) + Wix)))ij{xfuL'+i,jix) 

+O{\x^xo\) 

= filj{x)^{ujoix,^o) + \L'+i{x) + Wix)))ij{xfuL'+i,jix) 

+Oi\x~xo\) 

= f{^j{xf{aQ{xo,^Q))lj{xfuL' + l,j{x) + 0{\x - Xo\). 

Going back to (jll.Sp , this gives an asymptotic expansion for (po of the form (|11.3p , 
with, 

r 

voix) = ^Uj{x)~'^ij{x)f{ij{xfaQ(xo,£,o))uL'+i.j{x) +O{\x~xo\) 

3=0 
r 

= ^Uj{x)'^ij{x)f{ao{xa,£,o))uL'+i,j{x) +e'(|a;-a::o|) 

3=0 
r 

= X! U3i^)~^hi^hL'+i,j{x) + 0{\x - Xo\) 

3=0 

= UL' + iix) + 0{\x - Xo\). 

The asymptotic expansion (lll.4p is obtained exactly in the same way. • 

As a consequence, we also obtain. 

Proposition 11.2. For any j e {0, 1, . . . , r}, one has, 

F5(f/,(^o) = {(a^o,^o)}nr*r!,. 

Proof - For ij E C^{ilj) fixed, we denote by Wj{x;h) a resummation of the 
formal series J2k>o ^'^Uj{x)ij{x)vj,k{x) in {flj^H), where the Vj^s are those in 
pTI)) . Then, defining, 

A = A{x, hD,) {hD^ - ^of + [x - xof 

= {hDx - ^0 + i{x ~ xo)) ■ [hDx ~ ~ i{x ~ xq)) + nh, 
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a straightforward computation gives, 

A{Uj^o) = A{cpa{x)wj{x;h)) + 0{h°°) ^ h(j)fi{x)Bwj{x;h) + 0{h°°) 

with Bwj{x; h) :— 2i{x — xq) ■ dxWj — ihd^wj + nwj, and thus, by an iteration, 

A^{(Po{x)wj{x; h)) = h^(t)o{x)B^Wj + 0{h°^), 

for any > 1. In particular, due to the form of B, and since IKx — xo)"^^! = C'(l) 
for any a 2Z\ (actually, we obtain, 

for any ^ CC ^Ij. Now, if G T*Uj is different from (xo,Co)j then is 

elliptic at and thus, given any i g C^[T*Q.j) with i(a;i,^i) = 1, the stan- 

dard construction of a microfocal parametrix (see, e.g., |DiSjl| ) gives an uniformly 
bounded operator A'j^ , such that, 

o = i(a;, hDx) + 0(/i°°). 

As a consequence, we obtain, 

Hx,hD.,){UjVo)\\LHnr^n) = Oih""), 

for all iV > 1. Therefore (xi,^i) ^ FS{(l)Q{x)vj{x))^ and thus, we have proved, 

FS{Uj^^) C {(xo,eo)}nT*l],. 

This means that FS{Ujipo) consists in at most one point. Conversely, if xq S rib- 
and FS{Uj(po) — 0, by the elhpticity of A'^ as |^| — > oo, we would have (see, e.g., 
pa2] Prop. 2.9.7), 

for any il^- CC fij. But this contradicts the fact that ||[/j(^o|k7'. = ll'Pollo'. = l+0{h) 
if Xo & ^j- • 

Now, applying Theorem 12.11 and CoroUarv 12.61 (or rather Remark |2.8|) . we ob- 
tain, 

(11.7) e"^/''(^o = W*e-'*^/''>V(^o + 0{{t)h°°), 

uniformly for t E [0, Tsi'(a;o, ^o)), where fl' CC is the same as the one used to 
define P in Chapter [3l and 

(11.8) Tn'ixo,^o) := sup{T > ; 7r,(Ute[o,T] expi7J„„(xo, Co)) C Q'}. 
Moreover, by Lemma [QTT] and Proposition 1 11.2[ we see that, 

(11-9) F5(W(^o) = {(a:o,eo)}. 

Assuming, e.g., that xq G Hi, and taking ii e C(j"(ili) such that ii = 1 in a 
neighborhood of xq, we also have, 

W^o = Wifipo + 0{h°°) = WC/f ^iC/iii(^o + 0(/i°°), 

and therefore, using (|11.4p . (|7.7p . and the fact that WJ/j^^ii is an /i-admissible 
operator from L^(iR";7i) to L^{1R"') (see Theorem 17. ip . we obtain as before (by a 
stationary phase expansion), 

oo 

(11.10) Wifioi^; h) (7r/t)-"/4e"«"/''-(^-^'')'/2/i ^ h''wk{x) + 0{h°°), 

k=0 
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with Wk e C^iM''), wq{x) = {uL'+i{x),i^L'+i{x))+0{\x~xo\) = I + 0{\x - xo\), 
and where the asymptotic expansion takes place in C^{]R^). 

This means that Wifa is a coherent state in L^{M^), centered at (xoj^o), 
and from this point we can apply all the standard (and less standard) results of 
semiclassical analysis for scalar operators, in order to compute e~^*^^'^Wipo (see, 
e.g., [CoRol IHall IRolL IRo2j and references therein). In particular, we learn 
from [CoRo] Theorem 3.1 (see also |Ro2] ) . that, for any > 1, 

3(A'-l) 

(11.11) e-^'^/'^W^Q^e'^*/''- J2 Ckit;h)<Pk,t + Oie^^°%^/^), 

k=Q 

where $/c.t is a (generalized) coherent state centered at {xt,S,t) expt_ffaQ(xo,^o)j 
St '■— Jq (isi^s — ao{xs,^s))ds + {xqS^o ^ 2;t^t)/2, Co > is a constant, the coefficients 
Ck{t; hys are of the form, 

(11.12) cfc(t;/i) = ^/i'cfc,,(0, 

with Ck,i universal polynomial with respect to {d'^ ao(xt, (,t))\'y\<Mki ^^'^ where the 
estimate is uniform with respect to (t, h) such that < t < T^/ {xq, ^o) and /le*^"' re- 
mains bounded {h > small enough). In particular, (jll.lip supplies an asymptotic 
expansion of e^**'^/''W(^o if one restricts to the values of t such that < t << In 

Now, applying W* to (jll.lip . and observing that yV*^k.t = '^*i^k,tUL'+i) = 
U~^V*{^k,tUL'+i.j), where j = j{t) is chosen in such a way that exptHag{xo,£.o) & 
fij, and where V* := UjV*Uj'^ is an /i-admissible operator on L'^{ilj;Ti.) (that 
is, becomes an /i-admissible operator on L?{IR"]1-L) once sandwiched by cutoff 
functions supported in ^j), we deduce from (|11.7p . 

Theorem 11.3. Let ipo be as in ilil.2|) . and let Tnr{xo,^o) deGned in lfll.8\) . 
Then, there exists C > such that, for any N > 1, one has, 

k=0 

where ^k,t is a coherent state centered at {xt,£,t) exptHag{xo,S,n), j{t) G 
{l,...,r} is such that exptHa„{xo, ^o) e ^(t), Vkjit) e C'^{^j{ty,'H), Ck{t;h) 
is as in Ml.l'^ . St := /o(is6 - ao{xs,^s))ds + (xqCo - a;t6)/2, and where the 
estimate is uniform with respect to (i, h) such tliat h > is small enough and 
i e [0,min(Tf2,(xo,Co),C-ilni)). 

Remark 11.4. Actually, the coherent state ^k.t is of the form, 

$fe,t = Cfc(t)/fe(x, V7?)/^-"/4e"«'/"-«'(--')/^ 

where Ck{t) is a normalizing factor, fk is polynomial in 2 variables, and qt is a 
t-dependent quadratic form with positive-definite real part, that can be explicitly 
computed by using a classical evolution involving the Hessian of oq at {xt,£,t) (see 
[CoRoj ). More precisely, one has qt{x) — —i{rtX,x)/2 with Ft — {Ct + iDt){At + 



64 



11. PROPAGATION OF WAVE-PACKETS 



iBt) ^, where the 2n x 2n matrix, 

^•-{% %) 

is, by definition, the sohition of the classical problem. 

Ft = messaQ{xt,^t)Ft ; F{Q) ^ hn- 

Here, J .= ^ / ^ ^ , and Hess ao stands for the Hessian of ao. (We are grateful 

to M. Combescure and D. Robert for having explained to us this construction and 
the main result of [CoRo] .) 

Remark 11.5. As in [CoRo] . one can also consider more general initial states, 
of the form, 

where f G 5(iR") (we refer to |CoRo] Theorem 3.5 for more details). In the same 
way, a similar result can also be obtained for oscillating initial states of the form, 

where f G C^{IR'') and S € C°°{IR''-IR) (see [CoRo| Remark 3.9). 

Remark 11.6. In principle, all the terms of the asymptotic series can be com- 
puted explicitly by an inductive procedure (although, in practical, this task may 
result harder than expected since the simplifications are sometimes quite tricky). 
Indeed, all our constructions mainly rely on symbolic pseudodifferential calculus, 
that provides very explicit inductive formulas. 



CHAPTER 12 



Application to Polyatomic Molecules 



In this chapter, we apply aU the previous results to the particular case of a 
polyatomic molecule with Coulomb- type interactions, imbedded in an electromag- 
netic field. Denoting by a; = {xi,...,Xn) G M^" the position of the n nuclei, 
and hy y — (yi, . . . ,yp) € IR^^ the position of the p electrons, the corresponding 
Hamiltonian takes the form, 

(12-1) ^ = E ^(^-. - ^(^^■))' + E ^(^^-^ - ^(y^))' + ^(^' y)' 

j — l k—l 

where the magnetic potential A is assumed to be in C^{IR^)^ and where the electric 
potential V can be written as, 

(12.2) V{x,y) = Vr,n{x) + V^x{y) + V^x-r,^{x,y)^'V^^t{x,y) = Vxnt{x,y) + V^^t{x,y). 

Here, V-au ( resp. Vc\, resp. V^i-nu) stands for sum of the nucleus-nucleus (resp. 
electron-electron, resp. electron-nucleus) interactions, and V^y^t stands for the ex- 
ternal electric potential. Actually, our techniques can be applied to a slightly more 
general form of Hamiltonian (also allowing, somehow, a strong action of the mag- 
netic field upon the nuclei), namely, 

n p 

(12.3) if = E - ^,M^)f + E ^^^v. - Bk{x,y)f -f V{x,y\ 

]=i ^ k=i ^ 

where Ai, . . . ,An (respectively Bi, . . . , Bp) are assumed to be in Cj^{]R"; M) (re- 
spectively [IR^^^ \ IB)) , the flj's are extra parameters, and V is as in (112. 2[) 
with, 

Ku(:.)= E 5 ^c:(y)= E 

(12.4) Fei-„u(x,2;)= E I I ; v;.teCr(iR"+P;iR), 

l<k<p 

otjj' , fik,k' ilj,k > constant. In fact, as in [KMSW] , more general forms can be 
allowed for the interaction potentials, e.g., by replacing any function of the type 
\zj — z'f,\~^ (where the letters z and z' stand for x or y indifferently) by some 
Vj^k{zj — z'l^), where Vj^k is assumed to be A-compact on L'^{]R^) and to verify 
some estimates on its derivatives (see [KMSW] Section 2). In the same way, one 
could also have admitted singularities of the same kind for the exterior potentials. 
However, here we keep the form ()12.4p since it is more concrete and corresponds to 
the usual physical situation. 
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Then, we consider the Born-Oppenheimcr hmit in tlie foUowing sense: We set, 
(12.5) Mj h^'^bj ; a-j = h^^cj + dj, 

and we consider the hmit /i — > 0+ for some fix bj,mk > 0, Cj,dj S IR. By scaling 
the time variable, too, the quantum evolution of the molecule is described by the 
Schrodinger equation, 

where, 
(12.6) 

n ^ p 

^e^) E ^^^^-^ - + hdj)A,{x)f + ^{Dy, - Bk{x,y)f + V{x, y). 
j=i ^ k=i ^ 

In particular, we see that P{h) satisfies to Assumptions (HI) and (H2), with. 



n ^ 

= E W^^^-^ - + hd,)A,{x))\ 

n ^ 

{x,£,- h)^Y.^. [(0 - + hd,)Aj{x)f + ih{c, + hdj){d^^Aj){x)\ , 



P 1 

-nu (-^i 

W{x) - Ku(a:;). 
Now, following the terminology of |KMSW] . we denote by 

C := IJ {a; = (.Ti, . . . ,x„) e iR^" ; = Xfe} 

l<3,fc<r. 

the so-called collision set of nuclei, and we make on Q{x) the following gap condi- 
tion: 

{Hi') There exists a contractible bounded open set Q, C iR^" such that n C = 0, 
and, for all a; g fi, the L'+L first values Ai(a;), . . . , Al'+l(x), given by the Mini-Max 
principle for Q{x) on L^{]R^^), are discrete eigenvalues of Q(a;), and verify, 

inf dist {<7{Q{x))\{Xl'+i{x), Xl'+l{x)}, {Xl'+i{x), Xl'+l{x)}) > 0. 



As it is well known (see [CoSej ). under these assumptions, the two spectral 
projections IIq{x) and Ilo{x) of Q{x), corresponding to {Ai(a;), . . . , AL'(a;)} and 
{Ai,'+i(a;), . . . , Al'+l(x)} respectively, are twice differentiable with respect to a; € 
n. In particular, the whole assumption (H3) is indeed satisfied in that case (and 
even with a slightly larger open subset of M^"). 

Now, in order to be able to apply the results of the previous chapters to this 
molecular Hamiltonian, it remains to construct a family (fij, Uj(x))i<j<r that ver- 
ifies Assumption (H4). We do it by following [KM SW J. 
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More precisely, for any fixed xo — (a;?, ■ • ■ , a;° ) e ]R^"\C, we choose n functions 
/i, • • • , /« e Co°°(iR^ iR), suclr tliat, 

fj{xl)^S,,k (1<J, fc<n), 

and, for x G 5?^", s G ffi^, and y = (yi, • . • , ^p) e 5?^^, we set, 

n 

fe=i 

Gxa{x,y) := (Fa,o(a;,yi), . . . , ?/p)) g 5?^^. 

Tlien, by the implicit function theorem, for a; in a sufficiently small neighborhood 
Vlxo of cco, the application y ^ Gxo{x, y) is a diffcomorphism of IR^^ , and we have, 

Xk = -F^o (-^J *^fc)i 

GxoCa^-y) = 2/ for 1 2/1 large enough. 

Now, for V e L^{nfP) and x e rj^^, we define, 

Uxo{x)v{y) := |detdj,G:^:o(x,?/)|5i;(Ga;o(a;,y))|, 

and we see that Ux„{x) is a unitary operator on L^{]R^^) that preserves both Vq = 
H'^iM^P) and C^{]R^p). Moreover, denoting by C/^„ the operator on L'^{nxo x M^p) 
induced by Uxo{x), we have the following identities: 

Ux„hDxU^^ = hDx + h.h{x, y)Dy + hJ2{x, y), 
UxoDyll^^^ = Jsix, y)Dy + Ji{x, y), 

U ' U~^ = I 

'"'lyk-y'kl ^° \Fx,{x,yk)-Fx,{x,y',),\ 

(12.7) Ux„j^r^U-^ = TTT^T^ 



yk\ \Fxo{x,x°^)~Fx„{x,ykW 

where the (matrix or operator-valued) functions Jj/'s (1 < < 4) are all smooth on 
i^xo ^ m^^. Indeed, denoting by Gxaix, •) the inverse diffcomorphism of Gxa{x, •), 
one finds, 



Ji{x,y) = { dxGx„){x,y' ^ Gx„{x,y)), 

J2{x,y) = \AetdyGxo{x,y)\^Dx{\deidy.Gxa{x,y')\^^ 

Mx,y) = Cdy'Gxo)(x,y' ^ Gxo{x,y)), 

Mx,y) = \detdyGxoix,y)\iDy^ (^\detdy'Gxo{x,y')\^ 



y' = G^g(x,y)) , 



V' = G^o(x,y)) ■ 



The key-point in (112. 7p is that the (x-dependent) singularity at yk = Xj has been 
replaced by the (fix) singularity at y^ = x'j. Then, as in [KMSW] , one can 
easily deduce that the map x [/^„Q(x)[/-/ is in C°^{VLx^] C{H^{m?P), L^{IR^p)). 
Moreover, so is the map x ^ Uxo^yU^^ , and we also see that Uxo<jjU~^ can 
be written as in (|2.3p (with U,xa instead of llj, m — 2, and Qo = + Co, 

Co > large enough). Indeed, with the notations of (|12.7p . and setting J{x) = 
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{Ji{x), . . . ,Jnix)) := Ji{x,y)Dy + J2{x,y), we have, 

" 1 

U.,„u}U-^ = ^—{hD,^+hJk{x)-{ck + hdk)Ak{x)f 

n ^ 

(12.8) = u; + /iV— J'fc(/iD,, -Cfe^fc) 

" 1 

— ^Ofc 

fc=i 

To complete the argument, we just observe that the previous construction can 
be made around any point xq of fJ, and since this set is compact, we can cover it 
by a finite family f^i, . . . , $7,, of open sets such that each one corresponds to some 

as before. Denoting also Ui{x), . . . , Ur{x) the corresponding operators Uxq{x), 
and setting fij — ilj n fl, we can conclude that the family {flj, Uj{x))i<j<r verifies 
(H4) with Tioo — C^{1R^^). As a consequence, we can apply to this model all the 
results of the previous chapters, and thus, we have proved. 

Theorem 12.1. Let P{h) he as in with V given by iflO)) and ifIZ4)) . 

Ai, . . . , An e C^^ilR"; M), and Bi, . . . , Bp e Cb°°(iR"+^; M). Assume also (H3'). 
Then, the conclusions of Theorem \2. 1\ are valid for P = P{h). 

We also observe that, in this case, we have, 

w(a;,C; h) = ujo{x,£,) + huJi{x,^) + h'^uj2{x), 



with. 



^o{x,0 = ^{Ck - ckAk{x)) 



k=l 



n ^ 

(12.9) toi{x,0 = y t;j- [2dkAk{x){ckAk{x) ^ ^k) + tCk{dx,Ak)ix)] 



k=l 



n ^ 

W2(a:) ^ [dlMxf + idu{dx,Ak){x)\ 



k=l 



In particular, the conditions (|2.6[) and (|ll.ip are satisfied, and thus, we also have. 

Theorem 12.2. Let P{h) he as in figle)) with V given by and ifIZ4)) . 

v4i, . . . , A„ e C^inr"; m), and Bi,...,Bp g Cfc°°(iR"+^'; M). Assume also (H3') 



and L = 1. Then, the conclusions of Corollary \2.6\ and Theorem \11.3\ are valid for 
P = P{h). 

Moreover, concerning the symbol of the effective Hamiltonian, in that case we 
have. 

Theorem 12.3. Let P{h) he as in ifl^) with V given by ifIO|) and {223), 
Ai,...,An e C§°{ar;lR), and Bi,...,Bp e C^{]R''+P; M). Assume also (H3') 
and L ^ I. Then, the symbol a{x,S^;h) of the effective Hamiltonian verihes, 

a{x,£,;h) = aoix,^) + hai{x,C) + h^a2{x,C) + 0{h^), 
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with, for {x,0 e T*{n), 

aoix,^) = ujo{x,^) + Xl'+i{x) + W{x); 
ai{x,£,) = uji{x,£,) - iW^ujo(x,^){'Vxu{x),u{x)) 




+ y] nri^k ~ CkAk){£,i - CiAi){R'{x,X{x))Wa:^u,W^,u), 

where luq and uji are defined in 112.9\) . and 

R'ix, Xix)) n^ix)iX{x) - Q{x))-'U^ix), 
is the reduced resolvent of Q{x). 

Proof - A possible proof may consist in using Proposition ll0.2l Then, observing 
(with the notations of (|12.8p ) that, by definition, 

(12.10) J = U^oD^U-^' - D,, 

and, exploiting the fact that the (L' + l)-th normalized eigenstate u{x) of Q{x) is 
a twice differentiable function of x with values in L^{IR,^^) (see , e.g., [CoSej . but 
this is also an easy consequence of (|12.10l) and the fact that a; i-^ Uxo{x)u{x) is 
smooth), and setting v{x) — Uxq{x)u{x), one can write, 

{Jv, v)u = {DxU, u)u - {DxV, v)u- 

As a consequence, one also finds, 

n ^ 

k=l 

where ute {0 < i < 2) are defined in (|12.9p . and this permits to make appear many 
cancellations in the expression of a{x, ^; h) given in Proposition 1 1 . 2l leading to the 
required formulas. 

However, there is a much simpler way to prove it, using directly the expressions 
(jlO.Sp given in Proposition 110.21 for the operator A. Indeed, since in our case 
X 1-^ u{x) is twice differentiable, for all w G {M"'^^) , we can write, 

[Dx,Ilo]w = -i{w, Vxu{x))u{x) ~ i{w, u{x))Vxu{x), 

and, for aU w G C^M^'' ; {JR^p)) , 

[Dl,ilo]w = [Dx,Uo]-DxW + Dx-[Dx,Ilo]w 

— —2i{DxW,'S/xu{x))u{x) — 2i{DxW,u{x)) ■'S/xu{x) 

-{w,VxU{x)) ■ VxU{x) - {w,u{x))Vx ■ Va;U(x). 
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This permits to write explicitly the operator [Iloji^] — [Uo,uj] as, 
" 1 

[flo,P]w = ih'^—{(hDr,^-[ck + hdk)Ak)w,Vj,^u{x))u{x) 



bk 

k=l 



1 

+ih^—({hD^,^ - [ck + hdk)Ak)w,u{x)) -Vx^uix) 



bk 

k=i " 



" 1 

+h^Y. — {{w,W^M) ■ W^Mx) + {w,u{x))Wl^u{x)) . 



k=l 

-)3n \ 



In particular, taking w = Zla{x) = a{x)u{x), a € H\]R'^'')), and using the fact 
that R' {x , X{x))u{x) ~ 0, one finds. 



n 

R'{x,X{x))[Uo,P]Z*a = ihY,j;;{{hD^,-CkAk)a)R'{x,X{x))W,M^ 

+Oih^\\a\\), 



bk 

k=l 



and then. 



Zi[P,Uo]R\x,X{x))[no,P]Z*a 

n ^ 

^'^^ Yl TT- (Ct-Dx^ - CkAk){hD^^ - ceAe)a) x 
kT^i 

X {R'{x, X{x))V-.,u{^),V^,u{x)) + 0{h^\\a\\), 

This obviously permits to compute the principal symbol of the partial differential 
operator A2 appearing in (|I0.8p . The (full) symbol of Ai = Z\PZ\ is even easier 
to compute, and the result follows. • 

Remark 12.4. Tiie smoothness with respect to x of all the coefEcients ap- 
pearing in a{x, ^; h) is a priori known, but can also be recovered directly by using 
il2.10\) . For instance, writing {V xu{x) , u{x)) as, 

{\'xu{x),u{x)) = {\'xUxau{x),Ux„u{x)) + i{J (x)UxoU{x) ,UxoU{x)) , 

permits to see its smoothness near xq. 

Remark 12.5. Using the expression of A^ appearing in ifl0.8|) . one could also 
compute the next term (i.e., the h^-term) in a{x,£,;h). 

Remark 12.6. Analogous formulas can be obtained in a very similar way in 
the case where L is arbitrary but Xl'+i = ■ ■ ■ = Xl'+l. 

Remark 12.7. Although we did not do it here, we can also treat the case of 
unbounded magnetic potential (e.g., constant magnetic field). Then, the estimates 
on the coefficients Cq 's in Assumption (HI ) are not satisfied anymore, but, since 
we mainly work in a compact region of the x-space, it is clear that an adaptation 
of our arguments lead to the same results. 

Remark 12.8. In the case of a free molecule (or, more generally, if the external 
electromagnetic field is invariant under the translations of the type (x, y) ^ (xi + 
a, . . . ,Xn + Ci,yi + a, . . . ,yp -\- a) for any a £ M^), one can factorize the quantum 
motion, e.g., by using the so-called center of mass of the nuclei coordinate system. 
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as in |KMSW] . Then, denoting by R the position of the center of mass of the 
nuclei, the operator takes the form, 

P{h) = H^{Dr) + P'{h) + h''p{Dy), 

where Ho{Dfi) stands for the quantum-kinetic energy of the center of mass of the 
nuclei, P'{h) has a form similar to that ofP{h) in 02. 6|) (hut now, with x € iR^^""^-* 
denoting the relative positions of the nuclei), and p{Dy) is a PDO of order 2 with 
respect to y, with constant coefficients (the so-called isotopic term). Therefore, one 
obtains the factorization, 

(12.11) ^-itP(h)/h ^ ^~itHo(DR)/h^-it{P' (h)+h^p(Dy))/h ^ 

and it is easy to verify that our previous constructions can be performed with 
Q{x) replaced by Q{x) + h^p{Dy). In particular, under the same assumptions as 
in Theorem \12.1\ the quantum evolution under P'{h) + h^p{Dy) of an initial state 
ipo verifying i2.4]) with P replaced by P'{h) (that is, a much weaker assumption) 
can be expressed in terms of the quantum evolution associated to a L x L matrix 
of h-admissible operators on L'^{1R^^^~^^). In that case, if J2.ll)) provides a way to 
reduce the evolution of ipo under P{h), too. 
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Smooth Peudodifferential Calculus with 
Operator- Valued Symbol 

We recall the usual definition of /i-admissible operator with operator-valued 
symbol. In some sense, this corresponds to a simple case of the more general 
definitions given in [Bal IGMS| . For m G M and H a Hilbert space, we denote by 
i/™(iR";7i) the standard m-th order Sobolev space on 5?" with values in TC. 

Definition A.l. Let m e M and let Hi and TL2 he two Hilbert space. An 
operator A = A{h) : i/™(iR"; Hi) ^ L^{ar';H2) with h G (0, /iq] is called h- 
admissible (of degree m) if, for any N > 1, 

N 

(A.l) A{h) = Y,h'Op^iaj{x,C,h)) + h^RN{h), 

3=0 

where Rn is uniformly bounded from i?'"(iR"; T^i) to L'^{lR"';n2) for he {0,ho], 
and, for all h > small enough, aj e C°°(T* J?"; H2)), with 

(A.2) l|9%(x,C;/i)k(w,;«,) <a(0" 

for all a G Z-^-^" and some positive constant Ca, uniformly for (x, ^) G T*iR" and 
h > small enough. In that case, the formal series, 

(A.3) a{x,£,;h) ^^h^aj{x,£,;h), 

j>o 

is called the symbol of A (it can be resummed up to a remainder in C(/i°°(^)™) 
together with all its derivatives). Moreover, in the case m = and 7^2 — 'Hi, A is 
called a (hounded) h-admissible operator on L^(iR"';Hi). 

Here, we have denoted by Op;j(a) the standard quantization of a symbol a, 
defined by the following formula: 

(A.4) Opy,{a)u{x) J e^(-^)?/''a (x, u{y)dyd^, 

valid for any tempered distribution u, and where the integral has to be inter- 
preted as an oscillatory one. Actually, by the Calderon-Vaillancourt Theorem (see, 
e.g., [GMSl [DiSjH IMa2l [Rol] . and below), the estimate (|X2)) together with 
the quantization formula (|A.4|) . permit to define Op^(a) as a bounded operator 
i/'"(_/R"; 7^1) L^{1R"; 0,2) ■ Let us also observe that, very often, the formal series 
(|A.3p are indeed identified with one of their resummations (and thus, the symbol 
is considered as a function, rather than a formal series). Indeed, since the various 
resummations (together with all their derivatives) differ by uniformly C'(/i°°(f)™) 
terms, in view of (jA.l[) and the Calderon-Vaillancourt Theorem, it is clear that this 
has no real importance. 
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As it is well known (see, e.g., [Bal |DiSjl| , IGMSj, IMa2j ). with such a type 
of quantization is associated a full and explicit symbolic calculus that permits to 
handle these operators in a very easy and pleasant way. In particular, we have the 
following results: 

Proposition A. 2 (Composition). Let A and B he two bounded h-admissible 
operators on L^{IR";'Hi), with respective symbols a and b. Then, the composition 
Ao B is an h-admissible operators on L^(ffi"; Tii), too, and its symbol ajjfc is given 
by the formal series, 

aib{x,th)= ^ ^d^a{x,^;h)d:bix,^;h). 

Remark A. 3. There is a similar result for the composition of unbounded h- 
admissible operators, but it requires more conditions on the remainder Rj^(h) ap- 
pearing in ifXI]) (see [Bil IGMSj ). 

Proposition A. 4 (Parametrix) . Let A be a bounded h-admissible operator 
on L^{1R"'; Tii), such that any resummation a of its symbol is elliptic, in the sense 
that a{x, ^; h) is invertible on Tii for any {x, ^; K), and its inverse verifies, 

\Hx,e,h)-'\\cin,)^Oil), 

uniformly for {x,£,) G T*IR" and h > small enough. Then, A is invertible on 
L^(iR";7ii), its inverse A~^ is h-admissible, and its symbol b verifies, 

6 = a"^ + hr, 

with r = T,j>o ^'^j^ \\d°"rj\\c(Hi_) = ^(l) uniformly 

Remark A. 5. It is easy to see that the ellipticity of any resummation of the 
symbol is equivalent to the ellipticity of the function ao{x,£,;h) appearing in jfA.lfl 
(and thus, to the ellipticity of at least one resummation). 

Remark A. 6. Of course, the rj's can actually be all determined recursively, 
by using the identity a^b = 1 (this gives a possible choice for them, but this choice 
is not unique since we have allowed them to depend on h). 

Proposition A. 7 (Functional Calculus). Let A be a self-adjoint h-admissible 
operator on L^(iR"; TYi), and let / e C^{1R). Then, f{A) is h-admissible, and its 
symbol b verifies, 

b = f{Rea) + hr, 

where Re a :— {a + a*)/2, and r — X]j>o '^"'^j' ll^"''jll£(Wi) — ^(1) uniformly. 

Proposition A. 8 (Calderon-Vaillancourt Theorem). Let a = a{x,^) be in 
C°°{T*Iff';C{ni;H2)), such that, for all a € \\d°'a{x,0\\c{Hi;H2) uni- 

formly bounded on T*]R". Then, Op^(a) (defined, e.g., on S{IR"';Tii)) extends to 
a bounded operator : L^(JR";7ii) L^{JR^\'H2), and there exist two constants 
Cn and Mn, depending only on the dimension n, such that, 

\\0ph{a)\\c{L^R^;ni);L^R";H2)) < Cn sup Id" a{x , ^)\ . 

\a\<M„'^'^" 
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Propagation of the Support 

Theorem B.l. Let P be as in \2.2\) with (H1)-(H2), and let Kq be a compact 
subset oflBJ^, f e C^iM) and ipa e L^iST^n), such that \\ipo\\ = I, and, 

11(1 - f{P))^o\\LHM-;n) + II^oIIl^(k-w) = 0{h°-). 

Then, for any e > 0, any T > 0, and any g e C^{IR) such that gf — f, the 
compact set defined by, 

Kt.c := {a; e iR" ; dist (a;, K^) < e + CiT}, 

with 

Ci ■.= ]^\\V^Lo{x,hD^)g{P)\\, 

verifies, 

sup ||e-"^/Vo||L^(i^^.;«) 
te[o,T] 

as h ^ 0. 

Proof - First, we need the following lemma: 

Lemma B.2. For any i e C^{nr'), such that suppi C K^, and for any g e 
C^{IR), one has, 

Ux)g{P)^4^0{h'^). 
Proof - Consider a sequence {ij)jeiv C Cf^{]R"), supply C and such that 

Then, in view of (|4.8p . it is sufficient to show that, for any > 0, 

||i,(a;)(P - A)-Vo|| = Im Ap^^+i)), 

uniformly as h, \ Im A| 0+. 

We set, Uj ~ ij{x){P — X)^^(pQ, and we observe that, for all j e IN, one has 
llujll =0(1 Im A|^^). By induction on N, let us suppose, for all j £ IN , 

h,{x){P - A)-Vo|| = 0{h''\ Im Ar(^+i)). 

Since ij+i = 1 on Supp ij, and P is differential in x, we have, 

(P - \)uj = ij(y3o + [P,\j]\j+i{P - A)"Vo, 

and thus, 

Uj = {P- A)"^ij(po + {P - \y^[u},ij\uj+i. 

Now, by assumption, we have ||ij¥'o|| — 0{h°°), and therefore, \\{P — \)~^ijipo\\ = 
0{h°"\ Im A|^^). Moreover, using (II1)-(II2), it is easy to see that the operator 
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I Im X\h ^{P — A) ^[u},ij] is uniformly bounded on L^{]K'^;H). Hence, using the 
induction hypothesis, we obtain, 

^Oih'^l Ini A|-i) +C'(/i^+i| Im A|-(^+2)) ^ 0{h^+^\ Im A|-(^+2)) 

for any j ^ IN, and the lemma follows. • 

Now, for any F g C°°{]R+ x J?"; M), let us compute the quantity, 

9,(F(t,x)/(F)e~"^/Vo,/(P)e-^*^/Vo> 

- Re {{dtF ~ z/i-i^^P)/(P)e-"^/'Vo, /(P)e-**^/Vo) 

= ^[F,P])/(P)e-'*^/Vo,/(i^)e-'*^/Vo) 

(B.l) = ((a*P+ ^[a;,F])/(P)e-^*^/Vo,/(/')e-^*^/'Vo). 

Then, we fix g £ C^{1R) such that gf = /, and, for j E IN, we set, 
(B.2) Fj{t,x) 95j( dist {x,Ko) ~ Cit), 

where Ci = ^U!{x, hD.j;)g{P)\\, and the (^j's are in C^{IR;]R+) with support 
in [e, +00), verify (pj{s) ^ 1 for s > e + j, fj+i = 1 near Supp ipj, and are such 
that, 

'P'j ■■= (f] > with (j}j e C^{IR; M). 

In particular, Fj £ Cj^{lR+ x 1R";1R+), and, setting :— dist (x, i^o), we have, 

V,Pj = - Cit)Vd{x), dtF, = -Ci^'j{d{x) - Cit). 

Moreover, since uj = Lo{x,hDx) is a differential operator with respect x, of degree 
m, we see that, 

(B.3) ^[lj, Fj] = V,P,- • V^w(2;, /iD,) + 

where Rj — Rj{t, x, hD^) is a differential operator of degree m — 2 in x, with 
coefficients in Cj^{]R+ x J?") and supported in {Pj+i = 1}. 

Lemma B.3. For any N > 1, 

N 

\\Rjf{P)u\\=0{Y,h'^\\Fj+,+,f{P)u\\+h^+^u\\). 

k=0 

Proof - We write, 

Rjf{P) = i?,P,+i/(P) = Rjg{P)Fj+,fiP) + Rj[Fj+,,g{P)]f{P). 
Then, using (|4.8p and the fact that [P, P,+i] = [u;, Pj+i], we obtain, 
Rj[F,+,,g{P)] 

^\ j dgiz)Rj{P - z)-^[u},Fj+i]{P ~ z)-^dz dz 
= ^J dg{z)Rj{P - zr^[uj,Fj+i]Fj+2iP - z)-'dz dz 
J d~g{z)Rj{P - z)-\u},Fj+i]{P - z)-^Fj+2dz dz 
+ ^ Jd~g{z)Rj{P - ^)-i[a;,P,-+i](P - z)-^[uj, Fj+2]{P - z)-^dz dz. 
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and thus, by iteration, 
i?,[F,+i,5(P)] 



k=l •' \f=l / 

+ - / d~g{z)R,{P ^ z)-' Y[ {[u:,F,+,]{P-z)-')dzdz. 
Since \\Rj{P - z^^W = 0(1) and \\[uj,Fj+i]{P - z)-^\\ = 0{h), the result foUows. 



As a consequence, we deduce from (|B.3p . 

J[a;,F,]/(P)e-'*^/Vo 
- ifi'^[d{x) - Cii)Vd(x)Vew(x,/ii?,)/(P)e-**^/Vo 

/i'=+i|lF,+fe+i/(P)e-**^/Vo|| + 



fc=0 



4>j{d{x) ~ Cit)Vd{x)V^oj{x, hD^)g{P)4>j{d{x) - Cit)/(P)e-^*^/Vo 
+<j>,{d{x) - Cit))^d{x)[^j{d{x) - Cit),^ ^Lo{x,hD^)]f{P)e-''P'^^o 
+<l>,{d{x) - Cii))Vd(a;)Vec^(a;,;ii?,)[(/.,(d(x) - Cii), <?(P)]/(P)e-'*^/ Vo 



A 



+0(^;i^+i||P,+,+i/(P)e-*^/Voll+/i^+'), 



fc=0 

and thus, since is supported in {Pj+i = 1}, as in the proof of Lemma IB.3[ we 
obtain, 

^[u;,P,]/(P)e-'*^/Vo 
= cl,j(d{x) ~ C^t)Vd{x)V^u{x,hD.,)g{P)<jyj{d{x) - Cit)/(P)e-'^*^/ Vo 

N 

+0(^/i'=+i||P,+fe+i/(P)e-"^/'Vo||+/^^+'), 



fc=o 

for any fixed > 1. 

Going back to (jB.ip . and using the fact that W^d^xy^ (^bj{x^hDx)g{P)\\ < Ci, 
this gives, 



a,(P,(t,x)/(P)e-"^/Vo,/(^)e-"^/Vo> 

A 

< /.'=+i||P,+fe+i/(P)e-*^/Vo|P + h^+^), 



k=0 

and therefore, integrating between and t, and using Lemma IB. 21 
{F,{t, a;)/(P)e"**^/Vo, /(P)e-"^/'Vo) 

A „t 
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In particular, since 

||F,(i,x)/(F)e-'*^/'Vo|P< (^;-(i,x)/(F)e-'*^/'Vo,/(/')e-'*^/'Vo), 

we have \\Fj{t, x)f{P)e~'^'^^/'^ipo\\^ = 0{h) for any j e W, and then, by induction, 
\\Fj{t,x)f{P)e-'*'P/^Lpa\\'^ = 0(/i^) for aU N e M. Due to the definition (|R2| of 
Fj, this proves the theorem. • 
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Two Technical Lemmas 

Lemma C.l. Let ip^^ij g C^f (iR"), such that ij = 1 near Supp ^j. Then, for 
any f £ C^{1R), one has, 

Proof - By (|4.8p . and taking the adjoint, it is enough to prove, for any > 1, 

u,i,{p - zy'u-'^, = {UjijPu-\ - zr% + im ^r^'), 

locally uniformly for z e (T , and with some N' N'{N) < +00. Let v G ^^(iR") 
and set u -.^ {P — z)^^U^^ipjV. By Lemma [4. Ill (and its proof), we know that, 

(C.l) u = ijU + Oih^\lmz\-^'\\v\\), 

for some TV' = N'{N) < +00. On the other hand, we have, 

{UjijPUj'^ij - z)Uj\jU = UjijPu- zUjijU + UjijP{i^j -l)u 

= Ujij{zu + U^^tpjv) — zUjijU + UjijP{ij — l)u 

= tpjV + Uj\jP{i^j - l)u, 

and thus, using (|C.ip . 

U,y,u = {U,y,PU-\,-z)-\i:,v + U,i,P{y]-l)u) 

= {UjijPU-\j - z)-^i,jv + 0{h^\ Im 

for some other N" = N"{N) < +00. Then, the resuh follows. • 

Lemma C.2. Let -0,1 e C^(iR"), sucii that 1 = 1 near Supp ^p. Then, for any 
p€ C^iM), one has, 

Proof - The proof is very similar to (but simpler than) the one of Lemma lC.li 
and we omit it. • 
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